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PROPAGATION OF CHAOS FOR THE LANDAU EQUATION WITH 
MODERATELY SOFT POTENTIALS 

NICOLAS FOURNIER AND MAXIME HAURAY 


Abstract. We consider the 3D Landau equation for moderately soft potentials (7 E (—2,0) 
with the usual notation) as well as a stochastic system of N particles approximating it. We first 
establish some strong/weak stability estimates for the Landau equation, which are satisfying only 
when 7 E [—1,0). We next prove, under some appropriate conditions on the initial data, the 
so-called propagation of molecular chaos, i.e. that the empirical measure of the particle system 
converges to the unique solution of the Landau equation. The main difficulty is the presence of 
a singularity in the equation. When 7 E (—1, 0), the strong-weak uniqueness estimate allows us 
to use a coupling argument and to obtain a rate of convergence. When 7 E (—2, —1], we use the 
classical martingale method introduced by McKean. To control the singularity, we have to take 
advantage of the regularity provided by the entropy dissipation. Unfortunately, this dissipation 
is too weak for some (very rare) aligned configurations. We thus introduce a perturbed system 
with an additional noise, show the propagation of chaos for that perturbed system and finally 
prove that the additional noise is almost never used in the limit. 


1. Introduction and main results 


1.1. The Landau equation. The 3D homogeneous Landau equation for moderately soft poten¬ 
tials writes 


(1.1) 


dtft(v ) = 1 div v ( f a(v- v*)[f t (v*)Vf t (v) - / t (u)V f t {v*)} dvj), 
1 V J R3 ' 


where the initial distribution /o : R 3 —> R is given. The unknown f t : K 3 i —> R stands for the 
velocity-distribution in a plasma. The matrix a : M 3 t—> M3 x 3(H) is symmetric nonnegative and 
given by 





v ® v\ 

~w> 


for some 7 G (—2,0). We will also use the notation 


b{y) = diva(w) = — 2|i>| 7 i>. 


This equation, with 7 = —3, replaces the Boltzmann equation when particles are subjected to a 
Coulomb interaction. It was derived by Landau in 1936. Physically, only the case 7 = —3 is really 
interesting: it is explained in [2j that the case 7 = — 3 is the only one that you can obtain from a 
particle system in a suitable weak coupling limit, even if the interaction potential has a finite range 
(a fact that was already discovered by Bogolyubov). 

When 7 £ (—3,1], the Landau equation can be seen as an approximation of the corresponding 
Boltzmann equation in the asymptotic of grazing collisions. There is a huge literature on that 
model. See Villani m for the existence theory when 7 E [—3,1] and links with the Boltzmann 
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equation, Arsen’ev-Peskov [Tj for a local existence result when 7 = — 3, see m for a local unique¬ 
ness result when 7 = — 3, m for a global well-posedness result when 7 £ (—2, 0). Well-posedness, 
regularity and large-time behavior are studied when 7 £ (0,1] by Desvillettes-Villani [7] [5|. A 
probabilistic interpretation was introduced by Funaki in p~6] . We also refer to the book of Villani 
138] for a long review on kinetic models, including this one. Let us only mention a few important 
properties: the Landau equation preserves mass, momentum, kinetic energy and dissipates entropy. 

1.2. Some notation. We denote by P(M 3 ), the set of probability measures on R 3 . When / £ 
P(R 3 ) has a density, we also denote by / £ L 1 (R 3 ) this density. For q > 0, P 9 (R 3 ) stands for the 
set of all / £ P(R 3 ) such that m q (f) = f R3 \v\ q f(dv) < 00 . 

For / £ ^(R 3 ), we introduce the notation 

(1.2) b(f,v):=[ b(v-v*)f(dv»), a{f,v):=[ a{v - v*)f(dv*), cr(f, v) := (a{f, v)) 2 . 

Jr 3 Jr 3 v ' 


Observe that a(f,v ) is symmetric nonnegative (since a(v) is for all v £ R 3 ), so that it indeed 
admits a unique nonnegative symmetric square root. The Landau equation m can be rewritten 


(1.3) 


dtftiv) = -dr v v (a(ft,v)V v f t (v) - b(f t , v)f t (v)). 


We will denote by H the entropy functional: for / £ V, t 


for some q > 0 we define H{f) = 


/ R 3 f(v) log f{v)dv £ (— 00 ,+ 00 ] if / has a density and H(f) = 00 else. Under the moment 
assumption, that entropy is always well defined, see for instance EH Lemma 3.1]. 

We shall also use similar notations for probability distributions of systems of N particles. 
Precisely, for TV > 1, ^((R 3 )^) stands for the set of probability measures on (R 3 )^. When 


F N £ 

' sym 


N 


) has a density, we also denote by F N £ L 1 


N 


Pj«ra((® 3 ) iV ) for the set of all exchangeable elements of ^((R 3 )^). For F N £ P sym ((R 3 ) Ar ), we in¬ 


troduce m q {F N ) \= f( R3 )N \vi\ q F N (dvi ,..., dvjsi) and define V q 
m q (F N ) < 00 }. Finally, we introduce the entropy of F N £ V, 11 


) this density. We write 
re i 

IV) 


sym\\- 

N ) = {F n £ V. 


N 


) for some q > 0 by setting 


iJ(F iv ) := 


+00 


F N (vi ,..., vn) logF N (vi ,..., V]y)dvi... dvjy if F N has a density, 

otherwise. 


We will use the MKW (Monge-Kantorovich-Wasserstein) distance, see Villani [35] for many 
details: for /, g £ ^(R 3 ), 

W 2 {f,g) = inf {( [ \v-w\‘ 2 R(dv,dw)) / : R£U(f,g)\, 

lK J R3xR 3 1 ’ 

where II (f,g) = {R £ P(R 3 x R 3 ) : R has marginals / and g}. 

We now recall what is usually called propagation of molecular chaos. 

Definition 1.1. Let y be a random variable taking values in a Polish space E with law g and, 
for each N >2, a family (y^, ■ ■ ■ ,y$) °f exchangeable E-valued random variables. The sequence 
(y^, ■ ■ ■, y$) is said to be y~chaotic (or g-chaotic) if one of the three equivalent conditions is 
satisfied: 

(i) (yf, y 2 ) 9 oes i n l aw to g®g as N —► 00 ; 


(ii) for all j > 1, (Vi , • • ■, yf) goes in law to as N —► 00 ; 
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(in) N 1 Y),i SyN goes in probability to g as N —> oo. 

We refer for instance to Sznitman [35 for the equivalence of the three conditions and to 1 H] for 
quantitative versions of that equivalence. Propagation of chaos holds for a particle system (towards 
the solution (ft)t> o of its limit equation) if starting with initial data /o-chaotic, the particles are 
/t-chaotic for all times t. And trajectorial propagation of chaos holds when the trajectories of the 
particles are F-chaotic, for a suitable process F associated to the limit equation. 

We will use the generic notation C for all positive constant appearing in the sequel. When 
needed, we will indicate in subscript the quantities on which it depends. 


1.3. Well-posedness and strong/weak stability. We first recall that for a £ (—3,0) and 
/ £ ^(K 3 ) D L P (R 3 ) with p > 3/(3 + a), it holds that 

(1.4) sup [ \v - n*|“/(n*)dn* < 1 + C atP \\f\\ L p- 

veR 3 JR 3 


This is easily checked: write that f R3 \v — v*\ a f{vfi)dv* < 1 + f v eB / v i) \v — v*\ a f(v*)dv* and use 
the Holder inequality. 

We next define the (classical) notion of weak solutions we use. 

Definition 1.2. Let 7 £ (—2,0). We say that f is a weak solution to (11.11) if it satisfies: 

( 1 ) f£L? oc (\ 0,oo),7MR 3 », 

(ii) */7 £ (-2,-1), / £ L/ oc ([0,oo),L p (R 3 )) for some p > 3/(4+ 7 ), 

(Hi) for all ip £ C^(R 3 ), all t > 0 , 


(1.5) 

where 


1 R 3 


ip(v)f t (dv) = / p(v)fo(dv)+ / / / Lip(v,v*)fs(dv)f s (dv*)ds, 

J r 3 Jo Jr 3 Jr 3 


L<p(v,v*) := - ^2 a k i{v - v*)dhip(v) + b k (v - v*)d k ip(v). 


k,l =1 


fe =1 


Remark that every term is well-defined in (11.51) under our assumptions on / and ip, since 
(1.6) \L(p(v,v*)\ < C v (\v - u*| 7+1 + \v - n*| 7+2 ). 

If 7 £ [—1,0), we have \Lp{v,v*)\ < C V {1 + \v\ 2 + |n*| 2 ) so that condition (i) is sufficient, while if 
7 £ (— 2 , — 1 ), we have \Lip(v,v*)\ < C V {1 + \v\ 2 + |v* | 2 + \v — i>*| 7+1 ), so that conditions (i) and 
(ii) are enough: use (O) with a = 7 + 1 . 


For 7 £ (—2,0) we set 

(1.7) q{ 7 ):=—^—, Pi( 7 ) := — and, for q > 9 ( 7 ), p 2 ( 7 , q) := 

2 + 7 3 + 7 <7 — 37 

It can be checked that 1 < ^ 1 ( 7 ) < p 2 (7, <?) < 3. Let us recall the well-posedness result of [13: . 

Theorem 1.3 (Corollary 1.4 in [33]). Let 7 £ (—2,0) and /o £ 'P 2 (R 3 ) satisfy H(f 0 ) < 00 and 
rriq(fo) < 00 for some q > q( 7 ). Then (11.11) has a unique weak solution f £ L^ c ([0, 00 ), ^(R 3 )) D 
Llc([0, 00 ), L P (K. 3 )) for some p > pi(y). Moreover, this unique solution satisfies m 2 (/t) = rn 2 (/o) 
and H(f t ) < U(/o) for all t > 0 and belongs to L/ oc ([ 0 , 00 ), L P (R 3 )) for all p £ (pi( 7 ),p 2 ( 7 , q))- 

We first state some weak/strong stability estimates and improve the above uniqueness result. 
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Theorem 1.4. Let 7 £ (— 2 , 0 ) and f 0 £ ^(R 3 ) satisfy also H(f 0 ) < 00 and m q (fo) < 00 for 
some q > 9(7). Let f be the unique weak solution of (11.11) built in Theorem UJA 

(i) Assume that 7 £ (— 1 , 0 ]. For any other weak solution g £ L“ c ([ 0 ,00), ^(R 3 )) to (11.11) 
starting from g 0 £ V 2 QS 3 ), any p £ (pi{'y),P2{l, <?)), any t> 0 , 

W£{f t ,g t ) < W%{f 0 ,g 0 )exp (c 7 , p J (1 + ||/ s |Mds) • 

We thus have uniqueness for CD in the class of all measure solutions in L“ c ([0, 00), ^(R 3 ))- 


( 1 . 8 ) 


(ii) Assume that 7 £ (—2, — 1]. For any p £ (pi('y),P 2 ('y, q)), any 

2p-3 


r > 


(3 + l)(p — 1) - 1 


and any other weak solution g £ L^ c ([0, 00 ), ^(R 3 )) D L( oc ([0, 00 ), L r (R 3 )) to (11.11) . 

W%{f t ,g t ) < W 2 2 (/ 0 ,s , o)exp (c^ tPtr J (1 + ||/ s ||lp + ||p s ||i-)ds) . 

In particular, for any r > [3(g + 7 )]/[5 q + 2^q + 37 ], we have uniqueness for ( 11 . 11 ) in the class 
LToM °o), 7M® 3 )) n Lj oc ([0, oc), 2/(R 3 )) (it suffices to let p f p 2 ('y,q) in (fT8|) ). 


When 7 £ (—1,0), we thus prove the uniqueness in the class of all measure solutions in 
i“ c ([0, 00 ), ^(R 3 ))- This is quite satisfying and interesting for the well-posedness theory, but 
there is another important consequence: we will be able to apply (up to some fluctuations) the sta¬ 
bility result to the empirical measure of an associated particle system. Of course, such an empirical 
measure has no chance to belong to some L p space with p > 1, but we will use an approximated 
version of this stability principle involving discrete L p norms. 

When 7 £ (-2,-1], the strong/weak estimate is of course less satisfying, since we do not manage 
to completely get rid of the regularity assumptions on g. The uniqueness we deduce is slightly 
better than that stated in Ed Corollary 1.4], but the stability result cannot be applied to the 
empirical measure of a particle system. 


1.4. Entropy dissipation and a priori bounds. The fact that smooth solutions to the Landau 
equation CD belongs to 00 ), L P (R 3 )) is a consequence of the entropy dissipation. We 

sketch here the argument for the sake of completeness and also because we will use, in the proof 
of Theorem 11.81 a similar strategy to obtain some regularity estimate on the particle system. 
Precisely, the entropy dissipation for a solution f t of the Landau equation CD writes 

4; H (ft) = - [ ( (V log ft(v) — V log/ t (u*))*a(u — u»)(V \ogf t (v) — V log /t(u*)) f t (dv)f t (dv*) 

at J R3 J R3 

(where the superscript * stand for the transposition), which is certainly non-negative thanks to the 
non-negativity of a. Using the drift and diffusion introduced in d, the dissipation of entropy 
may be rewritten 

4-tf(/t) = -/ V log f t (v)a(f t ,v)X7 log ftiy) f t (dv) — f di vb{f t ,v) f t (dv). 
m J R3 J R3 

Then since the entropy of ft is decreasing and its second moment constant, Lemma 12.11 (taken 
from [7] Proposition 4]) shows that the first term in the r.h.s. controls a weighted Fisher information 
Ij(ft) ■= f R 3 |Vlog/ t | 2 (l + M ft(dv). This in turn allows us to control the L p -norm of / (for 
some values of p), thanks to Lemma |C.31 provided we have sufficiently many moments. Finally, a 
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L p -norm of f t with p large enough is sufficient to bound || div 6 (/ t )|| 00 . All in all, if f 0 has a finite 
entropy and moment of order q , the entropy dissipation leads, for any p £ (Pi( 7 ),P 2 ( 7 , ?)), to 

||/t||iP dt < Cry pqT ■ 

1.5. The particle system. We now consider the following toy model: we have N particles char¬ 
acterized by their velocities , solving the following system of Revalued SDEs 

(1.9) Vi = 1,... ,1V, Vf (t) = Vf (0) + f 6 (Af, Vf (s))ds + f <t(/ if, Vf (s))dB t (s), 

Jo Jo 

with the notation & Here (H,(t))i = i ; .. M 7 v,i>o is an independent family of 3 D standard Brownian 
motions independent of (V I ^ v ( 0 ))j = i ) ... i jv and finally, for some ijn £ ( 0 , 1 ), 

1 3 

fr? = V? * <i>v*r wh ere /zf = — ^ S v n (t) and ^(a;) = I{|x| <J7 }- 

We could probably also study the same system without the smoothing by convolution with 
( t>ri N . But without this smoothing, the particle system is not clearly well-posed. Since the paper is 
already technical enough, we decided not to study this (possibly difficult) issue. However, this is 
not really a limitation, since in all the results below, we allow r]isr to tend to 0 as fast as one wants. 

Proposition 1.5. For any N > 1, any initial condition (V/ v (0))j = i i . ..,N, any r] N £ (0,1), (fITOl) 
has a pathwise unique strong solution (t)) i= i,...,iv,t>o- 

The main topic of this paper is to show that, provided rjN —> 0 and under suitable conditions on 
(Vf(0)) i=1 ,...,w, the empirical measure converges, as N —> oo, to the weak solution f t of (11.11) 
built in Theorem ll.3l When 7 = 0, the coefficients a, b are smooth and such a convergence has been 
proved by Fontbona-Guerin-Meleard [10], Carrapatoso [4], see also HU. In a work in preparation 
[3], Bolley-Guillin-Fournier obtain some results when 7 £ (0,1). In (4] and [3], a slightly more 
natural particle system, which a.s. preserves momentum and kinetic energy, is considered. We 
have not been able to study this system with the present technique, although the difference of its 
behavior seems very light. 

When 7 < 0, the situation is rather more complicated, due to the singularity of the coefficients 
a, b. To our knowledge, there are no available results in that context, except the one of Miot- 
Pulvirenti-Saffirio 1231 . where a partial result has been obtained when 7 = —3: they prove the 
convergence to the Landau hierarchy, which unfortunately does not allow one to conclude. Here 
we propose two methods. 

When 7 £ (—1,0), we handle a direct computation, mimicking the strong/weak stability study, 
and we get a result with a rate of convergence. We have to use a blob approximation of the 
empirical measure, in the spirit of [18] . 

When 7 £ (—2,0), we use that the dissipation of entropy of the particle system provides some 
regularity enough to control the singularity. By this way, we obtain a convergence result, without 
rate, by using a tightness/uniqueness principle. We follow here (15] , where we studied a similar 
problem for the 2D Navier-Stokes equation. However, a major difficulty appears: the entropy 
dissipation is actually not sufficient, due to the lack of ellipticity of the matrix a. The diffusion 
coefficients in ClSD may degenerate for almost aligned configurations. We thus have to show such 
configurations almost never appear. 
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1.6. A convergence result with rate for 7 £ (—1,0). In that case the singularity is not too 
large, and we can use in spirit our strong/weak uniqueness result to study the propagation of chaos. 

Theorem 1 . 6 . Assume that 7 £ (—1, 0) and let /o £ P^R 3 ) for some q > 8 with a finite entropy. 
Consider f the unique weak solution to mi) defined in Theorem M.dl For each N > 2, consider an 
exchangeable family (V/ v ( 0 ))j = i i ,,. ) jv with sup Ar> 2 E[|V( v ( 0 )| 4 ] < 00 and the corresponding unique 
solution (V,/ v (t))i=i l ... i Ar l t>o to (11.91) with some rpv £ (0, A _1//3 ). Denote by pi = A -1 J/T $v N (t) 
the associated empirical measure. Then for a = (1 — 6 /q)(2 + 2j)/3, for all T > 0, 

sup E[W 2 (p?, /*)] < C T , q (a"“ + N- 1 ' 2 + E[W 2 2 (^, /o)] ) ■ 

[0,T] V ' 

In particular, the propagation of molecular chaos holds. 

Recall, see nn. that the best general rate we can hope for the expected squared 2-Wasserstein 
distance between an empirical measure of some i.i.d. Revalued random variables and their com¬ 
mon law is in TV -1 / 2 . Hence for 7 £ (—1/4,0), and when the particles are initially i.i.d. and 
/o-distributed, the rate of convergence is optimal if f 0 has a finite moment of sufficiently high or¬ 
der. Of course, it is likely that A -1 / 2 is the true rate for all values of 7, while our rate deteriorates 
considerably when approaching 7 = — 1. However, we are quite satisfied, since to our knowl¬ 
edge, there are very few quantitative results of propagation of chaos for systems with a singular 
interaction. 


1.7. Trajectories. Our second method will prove a slightly stronger result (although without 
rate): the convergence at the level of trajectories. We thus need to introduce the stochastic paths 
associated to the Landau equation. These paths will furthermore be used to prove the strong/weak 
estimates. 

Given a Brownian motion (JB(t))t> 0 , independent of an initial condition V(0) with law /o, we 
are interested in a continuous adapted Revalued process (V(t))t>o solution to 

Kfs, V{s))ds + [ a(f s ,V(s))dB(s), 

Jo 

where ft £ P(R 3 ) is the law of V{t) and using notation ( 11 . 21 ) . 

The process (V(i))*>o represents the time evolution of the velocity of a typical particle in a 
plasma whose velocity distribution solves the Landau equation. Such a probabilistic interpretation 
(in the case of the Boltzmann equation) was initiated by Tanaka [35]. See Funaki jTB.i for the case 
of the Landau equation. The following results of existence and uniqueness are proved in \m, but 
with another formulation involving a white noise. We will shortly prove them again, since we need 
to extend them to another nonlinear SDE that we will introduce later. 

Proposition 1.7. Let 7 £ (—2,0) and fo £ ^(R 3 ) satisfy also H(fo) < 00 and m q (fo ) < 00 for 
some q > 9 ( 7 ), recall (11.71) . 

(i) There exists a pathwise unique continuous adapted solution (V(t))t >0 to (11.101) such that 
f = (ft)t> 0 £ L z “([0,oo),P 2 (R 3 )) nL, 1 oc ([0,oo),L p (R 3 )) for some p £ (pi('y),P 2 ('y,q))- 

(ii) Furthermore, f is the weak solution to the Landau equation (11.11) given by Theorem \1.3\ 


( 1 . 10 ) 


V{t) = V(0) 
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1.8. A convergence result without rate. We will assume the following hypothesis on the initial 
conditions of m and ED- 


(l.ii) 


(i) /o £ P 2 (R 3 ) D V q (M. 3 ) for some q > q( 7 ) and H(f 0 ) < 00 ; 


q\ 
,N / 


(ii) the sequence (Vf* ( 0 ),..., ( 0 )) with law F^ is exchangeable and / 0 -chaotic; 

(iii) sup E[|V) v (0 )| 2 + IV^CO)! 9 ] < 00 and sup H(F^) < 00 . 


N>2 


N>2 


All these conditions hold true if / 0 satisfies point (i) and if (V( v (0),..., V)j(O)) are i.i.d. and 
/o-distributed. 


Theorem 1 . 8 . Assume that 7 £ (—2,0). Consider /o £ ^(R 3 ) and, for each N > 2, a family 
of R 3 -valued random variables. Assume (11.111) . For each N > 2, consider the 
unique solution (V/ v (t))j = i i ... i jv,i>o 1° (11.911 with some t]n £ (0,1). Let also (ft)t> 0 be the unique 
weak solution to (11.11) given by Theorem 1 1.3\ and (V(t ))*>0 the unique solution to (11.101) (see 
Proposition \1.7\ ). Then, as soon as limjv^oo tjn = 0, the sequence ((V/^(t))t>o)i=i...,iv is (V(i))t>o- 
chaotic. In particular, if we set 

1 N 

vt : = 

i =1 

then (/r ( v ) t > 0 goes in probability, in C([0,oo),?(R 3 )), to (ft)t> o- 

1.9. Comments. Propagation of chaos was initiated by Kac m as a step to the derivation of the 
Boltzmann equation. Since then, many models have been studied. For non singular interactions, 
things are more or less well-understood and there has even been recently some important progress 
to get uniform in time propagation of chaos, see Mischler-Mouhot [24] , to which we refer for many 
references including the important works of Sznitman [33j [34], Meleard [22] . see also Mischler- 
Mouhot-Wennberg [2o and m • As already mentioned, most of the results concerning the Landau 
equation m\m\M concern the case where 7 = 0 (or, at least, where the singularity is removed). 

The case of a singular interaction is much more complicated and there are only very few works. 
Osada [21 [23 has obtained some remarkable results concerning the convergence of the vortex 
model to the Navier-Stokes equation (in dimension 2, with a divergence free interaction in l/|ir|), 
improved recently by the authors and Mischler [15] . In dimension one, Cepa and Lepingle have 
also studied the (very singular) Dyson model [5] . We shall also mention the case of a deterministic 
particle system (with position and velocity) in singular interaction studied by the second author 
and Jabin [18] . Here, the first quantitative method is in some sense inspired from 118] . The second 
one (without rate) relies on the entropy dissipation technique introduced in ,15 a . 

Finally, let us mention again the work in preparation [3], which treats a similar problem when 
7 £ [0,1), with more satisfying results. Some of the techniques used here are common with [2]. In 
particular, the introductory part of Section [3] is reproduced from it. 


1.10. Plan of the paper. In the next section, we prove several regularity estimates concerning 
the coefficients a and b, we check Proposition ! 1 .51 1 well-posedness of the particle system) and Propo¬ 
sition Q23 (well-posedness of the nonlinear SDE). Section [3] is devoted to the proof of Theorem [TT4] 
(strong/weak stability estimates). We prove the (uniform in N) propagation of moments for the 
particle system in Section |4] The proof of Theorem 11.61 (propagation of chaos with rate when 
7 £ (—1,0)) is given in Section [5] We next study precisely, in Section [ 6 ] the ellipticity of a{p,v) 
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when /i is an empirical measure. We give the proof of Theorem 1 1.81 (propagation of chaos without 
rate when 7 £ (—2,0)) in Section [TJ In a first appendix, we extend a coupling result of JTS]. In 
a second appendix, we generalize slightly a result of Figalli [5] on the equivalence between PDEs 
and SDEs, that we use several times. Finally, a third appendix about entropy and weighted Fisher 
information lies at the end of the paper. 

1.11. Final notation. We recall that a(v) = | 7 /| 7 (|t/| 2 / — v ® v) and that b(v) = — 2\v\' y v. We 
introduce a(v) = (a(u )) 1 / 2 = |w| 7 / 2 _ 1 (|i;| 2 / — v ® v). 

For 7 £ (0,1), we recall that 4> v (x ) = ( 3 /( 47 r? 7 3 ))lp x i < ^}.. We introduce a v = a-k<t> v , b v = b-kcf^ 
and a v = a^ 2 , and we define, for / G V(R 3 ) and v £ R 3 , 

a r,(f’ v )= a v (v - w)f(dw), b v (f,v)= b v (v - w)f (dw), and a r ,(f,v) = (a r ,(f,v)) 1/2 . 
J R 3 J R 3 

Remark that it is very similar to the formula o which corresponds to the case 77 = 0 with the 
convention that ag = a and bo = b. 

For f £ T^R 3 ), we put f n = f*(j> v ■ We observe that a(/ ,? , v) = a n {f,v), b(f v ,v) = b v (f,v ) and 
cr{p,v) = a v (f,v). 

We will use the standard notation x A y = min{a:, y} and x V y = max{x, y} for x, y £ R. 
Finally, for M,N two 3x3 matrices, we set (( M,N )) = Tr MN* and ||M || 2 = TV MM*. 

2. First regularity estimates and well-posedness of the nonlinear SDE 

2.1. Ellipticity. We recall the ellipticity estimate of Desvillettes-Villani [7, Proposition 4]. It is 
stated when 7 > 0 but the proof only uses that 7 + 2 > 0. A more general result will occupy 
Section [ 6 ] 

Lemma 2.1. Let 7 £ (—2,0). For all f £ ^(R 3 ) satisfying H(f) < + 00 , there exists a constant 
kq > 0 depending only on 7 , H(f) and m 2 (/) such that for all v £ R 3 , 

I hr r «(_/>)£ > «o(l + MF- 

2.2. Rough regularity estimates and well-posedness of the particle system. We will 

frequently use the following lemma stated in m Lemma 11] (with C = 1 but with another norm). 

Lemma 2.2. There is a constant C > 0 such that for any pair of nonnegative symmetric 3x3 
matrices A , B, 

11 ^ 1/2 _ S 1/2| | <C\\A-B\\ 1/2 and ||A 1/2 - S 1/2 || < C'(||^. _1 || A ||R _1 ||) 1/2 ||A - B\\. 

We next collect some rough regularity estimates on a, b and a. 

Lemma 2.3. For any 7 £ (—2,0), there is a constant C such that for all v,w £ R 3 , 

| b(v) — b(w )| < C \v — 7c|(|t;| 7 + |w| 7 ), 

||ci(t;) — a{w )|| < C\v — tc|(|7 ;| 1+7 + |w| 1+7 ), 

||cr(u) — ( 7 ( 7 / 7 )|| < C \v — 7 c|(|t ;| 7 / 2 + IttI 7 ^ 2 ). 

Proof. The inequality concerning b is proved in m Remark 2.2]. Since by definition cr(v) = 
|t;| 7 / 2 — 1 (|t;| 2 /— 7 / 07 /), we see that cr is a C 1 function outside the origin and that ||Hcr( 77 )|| < C\v | 7,/2 . 
To go from v to w, it is always possible to find a path S : [0,1] —> R 3 , of length smaller than 
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■n\v — w\/2 and that always remains in the crown {zel 3 : min{|u|, |w|} < \z\ < max{ 0 |, |w|}}. 
For instance, some arc of a circle will do the job. Then, the claimed inequality follows from 

||cr(v) — cr(ic?)|| < f ||Dcr(S'(t))|||S' , (t)|(it < C\v — w\ max{|u| 7 / 2 , |ui| 7 / 2 }- 
Jo 

The inequality concerning a is proved similarly, using that ||_Da(u)|| < C'0| 1+7 - This proof may 
also be adapted to b, using that ||Dfo(u)|| < C|u| 7 . □ 


We next study ab v and a v . 


Lemma 2.4. Let 7 G (—2,0). 

(i) For each 77 £ (0,1), there is C v such that for any y, z £ R 3 , 11(j/)) - 1 11 < C' r? ( 1 + 01)^ and 

My) - b v( z )\ < c v\v - z \> 

I \ a v(y) - °bO)ll + IK(y) - 07 , 0)11 < Mi + \y\ + 01)0 - z \- 

(ii) There is C > 0 such that for all r) £ (0,1), all v £ R 3 , 


? 0) — a(u)|| < Cr]' 2 (r] + |u|) 7 and \b v (v) — b(v)\ < 


CryO + OI) 7 j/O <E (MO), 

Crnin^, 0|}0I 7 if 7 G (-2,-1], 


(in) There is C > 0 such that for all rj £ (0,1), all f £ ^(R 3 ), all v £ R 3 , 

MOM - a(/w)ll < C?? 2+7 and, if 7 £ (-1,0), \b v (f, v) - b(f,v)\ < Cr? 1+7 - 


Proof. We first check point (i). First, it holds that a v (y) = a(4> v ,y) when using notation (11.21) . 
But (frj obviously belongs to 7^2(R 3 ) and has a finite entropy. Hence Lemma T2. II tells us that for 
all £ £ R 3 , all y £ R 3 , ^*a v (y)f > c v ( 1 + 0I) 7 |£| 2 j which implies that ||(a I? (2/)) _1 || < C I) ( 1 + |t/|)l 7 L 

We next use Lemma 1*0 to get 

My) - b v( z )\ < M” 3 [ \y- Ai\y + u V + \z + u\ 1 )du < c v \y- z\, 

as well as 

IKO) - a ri( z )\\ < CM 3 f \y- z\(\y + u| 7+1 + \z + u| 7+1 ) du, 

J \ u\< V 

which is easily bounded by C^O — ^| if 7 e (-2,-1) and by C v \y — 0(1 + \y \ 1+1 + |0 7+1 ) if 
7 £ [—1,0). Using finally point Lemma [2.21 and the estimate on ||(a?,(2/)) _1 ||, we conclude that 
IIOM )) 172 - (a„(z)) 1/2 || < C v h(\y\, 0|)0 - z\, where h(\y\, 01) = min{(l + 0I) ItI/2 , (1 + 0I) ,7|/2 } 
if 7 G (-2, -1) and h(\y\, 01) = min{(l + |t/|) | 7|/2 , (1 + 0l) l7l/2 }(! + 01 + 0 |) 1+7 if 7 S [-1, 0). In 
any case, h(\y\, 01) < C( 1 + \y\ + 0|), which ends the proof of point (i). 

Concerning point (ii), we first study b and separate two cases. If |u| < 2r 7 , then we have 
| 6 (u)| = 2|i >| 1+7 and \b v (v)\ < C0 | 1+7 + Cy 1+1 . Hence | b(v) — b v (v)\ < C0 | 1+7 + Ctj 1+1 , which 
is smaller than Cy 1+1 < Cr)(r) + |u|) 7 if 7 G (—1,0] and than Cju| 1+7 < min{ 77 , 0|}0I 7 if 7 G 
(-2,-1], If now 0| > 277 , we use that \b(y) — 6 (z)| < CO — z|(0l 7 + M 7 ) by Lemma I^TTJl so that 
\b(v) — b v (v )| < Cy / R 3 (0 | 7 + 0 — u\ 1 )(fi v (u)du < C?y0| 7 , which is bounded by Cr](r] + |u |) 7 if 
7 G (—1, 0] and by C min{ 77 , 0|}0I 7 if 7 G (—2, —1]. 

We now study ||a(u) — aM)ll- If 01 < 277 , we immediately get that ||a(u) — a^(u)|| < ||a(u)|| + 
||a^(u)|| < C?y 2+7 < Cr] 2 {r] + 0I) 7 - If now 01 — we use a Taylor expansion: write, for |u| < y ; 
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that a(v — u) = a(v) — uVa(v) + £(u, v), where ||£(u, u)|| < |u | 2 sup^,, ^ ||7? 2 a|| < Crj 2 |u| 7 . 
Consequently, since <f> v is symmetric, 

||a.(v) — a, T? (v)|| = / (a(v) — a(v — u))(f>ri(u)du = / ((u,v)(f> v (u)du < Ct 7 2 |u| 7 , 

*^|w|<?7 J\ u \< r ] 

which is controlled by Cp 2 (77 + |u |) 7 as desired. 

We finally have to prove (iii). If 7 € (—1, 0), we have | b v (x) — b(x)\ < Cr ] 1+1 by (ii), whence 

\b v {f,v)-b(f,v)\= f [b v (v-w)-b(v-w)]f{dw) < CV/ 1+7 . 

Jr 3 

Now for any value of 7 G (—2, 0), we see from point (ii) that ||a p (x) — a(a;)|| < Cr] 2+ri , so that we 
obtain \\a v (f,v) — a(f,v) || < C?y 2+ 7 by a simple integration. 

At this point, we can prove the strong well-posedness of the particle system. 

Proof of Proposition \1.5\ Let 


□ 


1 N 1 N 

bi(v u ...,v N ) :=b^— S v . * (j > VN , Uj) = — ^ b m {vi - vj), 


cri(v i,...,Vjv) := 


3 =1 

N 


3 = 1 


1 IV -| i pi N 

( $V1 * j’riN > y j ) = TT Q’lJV (W ~ v 3 ) 


7=1 


1=1 


These are the coefficients of the system of SDEs (ED. We claim that these coefficients have at most 
linear growth and are locally Lipschitz continuous, from which strong existence and uniqueness 
classically follow. First, bi is globally Lipschitz continuous by Lemma l2~4l - fib Next, it follows from 
Lemma [2.41 1il that ai is locally Lipschitz continuous. Finally, recalling that ||A|| = Tr AA* and 
that Tr(a(v)) = 2|u| 7+2 , we find that 

o N r 9 N 

||cr l (ui,...,u JV )|| 2 = / \ Vi ~ v i ~ u \" /+ 2 ( l ) r IN ( u ) du < — ^(M + \vj\ + m) 1+2 - 

j=i Jr3 7 =1 

Since 7 + 2 G (0, 2], we conclude that Ui has at most linear growth. □ 


2.3. Regularity estimates for the nonlinear SDE. We now give some growth and regularity 
estimates on the fields a(f), <r(/) and b(f) created by some probability /, that will allow us to 
study the well-posedness of the linear version of the SDE (11.101) . as well as that of a perturbed 
version of it. 


Lemma 2.5. Let 7 G (—2, 0) and f G ^(R 3 )- We have the following estimates for all v,w G R 3 . 

(i) In any case, ||tr(/, v)|| 2 < 4 -f 4m 2 (/) + 4|u| 7+2 . 

(ii) Ifj G [-1,0), then \b(f,v)\ <2 + 2\v\ + 2toi(/). 

(iii) If 7 G (-2, -1) and p > 3/(4+ 7 ), then \b(f,v)\ <2 + C p \\f\\ LP . 

(iv) Ifp > pi (7), then \b{f,v) - b(f,w)\ < C p { 1 + ||/||lp)|u - w\. 

(v) Ifp>pi{rt), then | \cr(f,v) - o-(/,w)|| 2 < C p ( 1 + \\f\\ L r)\v - w\ 2 . 

(vi) 7/7 G [-1,0), then || a(f,v) - a(f,w)\\ < C( 1 + |u| + \w\ +mi(/))|u - w\. 

(vii) 7/7 G (-2, -1) and p > 3/(4+ 7 ), then || a(f,v) - a(f,w )|| < C p (l + ||/||lp)|u - w\. 
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Proof. Recalling that Tra(u) = 2|v| 7+2 , 

IKj »|| 2 = Tra(/,u) = 2 f \v - w \ 1+2 f{dw). 

J R3 

Point (i) follows, since \v — u ;| 7+2 < 2|u | 7+2 + 2|w | 7+2 < 2 + 2|u *| 2 + 2|x| 7+2 . 

Next, \b(f,v)\ < 2 f R 3 \v — w | 7+1 f{dw). Point (ii) follows, since for 7 G [—1,0), \v — w | 7+1 < 
1 + |t*| + |tu|. Point (iii) also follows, using m and that p > 3/(4 + 7 ). 


Point (iv) is obtained by integration of the Lipschitz estimate on b given in Lemma 12.31 and by 
using (11.41) (recall that p >Vi{l) = 3/(3 + 7 )): 

I b(f,v) - b(f,w )| <C\v-w\ f (\v- x| 7 + |to - x\ 1 )f(dx) < C\v - w\(l + C p ||/|| L p). 

J R 3 

For (v), we use a classical result, see e.g. Stroock-Varadhan [32} Theorem 5.2.3], which asserts 
that there is C > 0 such that for all ^4 : 1R 3 1 —>• (the set of symmetric nonnegative 3 x 3-matrices 

with real entries), ||Z)(4 1 / 2 )|| 00 < C'||D 2 4||^ 2 . Here we apply it to A(v) = a(f,v). First, 


||D 2 4(i;)|| = [ D 2 a(v — x) f(dx) <cf \v - x | 7 f{dx) < C\l + C p \\f\\ L p ), 

Jr 3 Jr 3 

where we have used that ||D 2 a(i>)|| < |u | 7 and 01 (since p > 3/(3 + 7 )). Consequently, 


\W{f,v)-a{f,w )\\ 2 = \\(A(v)) 1 / 2 -(A(w)) 1/2 \\~ < ||D( 4 1 / 2 )||^|u-u ;| 2 < C '(1 + C , p ||/|| L p)|i;-m;| 2 . 

Finally, integrating the Lipschitz estimate on a given in Lemma 12.31 we find the inequality 
|| a(f,v) — a(f,w )|| <C\v — w\ / K 3 (|i; — x | 1+7 + \w — x| 1+7 ) f(dx). Using the same arguments as 
in (ii) and (iii), points (vi) and (vii) immediately follow. □ 


2.4. Well-posedness of the nonlinear SDE. We now have all the ingredients to give the 

Proof of Theorem Recall that f 0 G ^(R 3 ) is assumed to satisfy m q (fo) < 00 for some q > 
q( 7 ) and H(f 0 ) < 00 . We denote by / G L^ c ([0, 00 ),^(R 3 )) C L/ oc ([0, 00 ),L P (R 3 )) (for all 
p G ( 4 * 1 ( 7 ), 4 * 2 ( 7 , q))) the unique weak solution to (11.11) . see Theorem 11.31 Let also V(0) be Jo- 
distributed and consider a 3 D Brownian motion B independent of V(0). 


Step 1: the linear SDE. Recalling that / is given, we prove here that there is strong existence 
and uniqueness for the linear SDE 

(2.1) V(i) =V(0)+ f b(f s ,V(s))ds + 

J 0 

Fix p G (4*1 (7), 4*2 (7, q)) and recall that / G L“ c ([0, 00), ^(R 3 )) nL/ oc ([0, 00), L P (R 3 )). By Lemma 
I2.5B iv)-(v), the coefficients of this SDE are Lipschitz continuous in v, with a Lipschitz constant 
(locally) integrable in time for b and (locally) square integrable in time for cr. The conclusion 
follows from classical arguments, see for instance [28j Theorem 3.17]. 


cr(fs,V(s))dB( 3 ). 


Step 2: uniqueness for the linear PDE. Recalling that / is fixed, we consider the Kolmogorov 
equation associated to (EH): 


( 2 . 2 ) 


9tgt(v) = idi v v (a(f t ,v)Vg t {v) - b(f t ,v)g t {v)). 


As for the Landau equation, g G L“ c ([0, 00), ^(R 3 )) is a weak solution if for all ip G C\ 


/ <p(v)g t (dv) = / p(v)g 0 {dv ) 
/R 3 Jr 3 


0 J R3 Jr 3 


Lp(v , v*)g s (dv)f s (dv st )ds. 
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By Lemma[23}-(i)-(ii)-(iii), we know that ||er(/ t , d)|| 2 < C'(l+|t;| 2 ) and \b(f t ,v)\ < C(l+ll/tlU* , )(l+ 
|i>|), with ||/(||lp G Ll c ([(), oc)). Hence Proposition lB.il which slightly extends [5] Theorem 2.6], 
tells us that any weak solution (fjt ) t>o to eh can be represented as the family of time marginals 
of a solution to (ED. Consequently, Step 1 implies the uniqueness of the solution to EH, for any 
given g 0 £ V 2 (R 3 ). 

Step 3: strong existence. From Step 1, we know that there exists a solution V to (12.11) . Put 
gt = A direct application of the Ito formula shows that g is a weak solution to (12.21) . with 

go = fo- But /, being a weak solution to the Landau equation EH (see also EH), is also a weak 
solution to (12.21) . By Step 2, we deduce that g = f as desired. 

Step f: strong uniqueness. Consider another solution W (with C(W(t)) = h t ) to the nonlinear 
SDE (11.101) (with the same initial condition and the same Brownian motion). Assume also that 
h £ L“ c ([ 0 ,oo), 7 :, 2 (R 3 ))nL i 1 oc ([ 0 ,oo),L p (IR 3 )) for somep £ (pi( 7 ),p 2 ( 7 ,<?)))• A direct application 
of the Ito formula shows that h is a weak solution to EH, whence f = h by Theorem 11.31 
Consequently, W also solves the linear SDE (12.11) . so that V = W by Step 2. □ 


3. Fine regularity estimates and strong/weak stability principles 


The goal of this section is to prove Theorem 11.41 that is the strong/weak stability principles. 
These principles will be proved using a coupling argument between two solutions of the nonlinear 
SDE (11.101) . Unfortunately, we cannot use the same Brownian motion for both solutions: this is due 
to the fact that we really need a fine estimate and that the best coupling between two 3 D Gaussian 
distribution A/"(0, Ei) and A/(0, E 2 ) does not consist in setting X\ = E \^ 2 Y and X 2 = E)/ 2 F for 
the same Y with law A/(0,/). Actually, as shown in Givens-Shortt [17] . the optimal coupling 
is obtained when setting X\ = E \^ 2 Y and X 2 = E^L^Si, T, 2 )Y, where the orthogonal matrix 
E/(Ei,E 2 ) is given by 

(3.1) {/(Ei, E 2 ) = E^ 1/2 E]) 1/2 (Ei /2 E2E} /2 ) 1 / 2 . 

More precisely, we will use the following lemma. 


Lemma 3.1. For any probability measure m on a measurable space F, any pair of measurable 
families of 3 x 3 matrices (ai(x)) x& F o,nd (<t 2 (x)) x 6 i?, setting Ei = f F ai(x)ai (x)m(dx) and 
E 2 = f F cr 2 {x)cr 2 {x)m(dx), it holds that 


||E} / 2 ^E 3 / 2 {7(E 1 ,E 2 )|| 2 < f Wa^x) - a 2 (x)\\ 2 m(dx). 

J F 

Proof. Developing both terms and using the definition (13.11) of U, we realize that the issue is to 
prove that 

Tr ^ J ai(x)a2{x)m(dx) S j < Tr ^(E^ 2 E 2 E^ 2 ) 1 / 2 ^ . 

Givens and Shortt [TTl Proof of Proposition 7] have checked that Tr (M) < Tr((E^ 2 E 2 E^ 2 ) 1 / 2 ) 
for all 3x3 matrix M such that 

f Ei M\ 

\M* E 2 ) 

is nonnegative. But with M = f F ai(x)a%(x)m(dx), 


/Ei M\ f (<r 1 (x)\ fai(x)\ 
\M* Y, 2 ) J f \<T 2 (x)J \(t 2 (x)J 

is clearly nonnegative. The conclusion follows. 


m(dx) 


□ 
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3.1. Main ideas of the proof of Theorem 11.41 Unfortunately, the rigorous proof is very 
technical. Let us explain here the main ideas without justification. Let thus / and g be two weak 
solutions to (HUD- We associate (with some work, using some regularization) to these solutions 
(V(t))t> 0 (with £{V{t)) = ft) and (Z(t )) t > 0 (with C{Z(t)) = g t ) solving 

dV(t) = a(f t ,V{t))U(t)dB(t) + b(f t ,V(t))dt and dZ(t) = a{g t ,Z(t))dB(t ) + b{g t ,Z(t))dt 

where U(t) = U(a(g t ,Z(t)),a(f tl V(t)). Recalling the U takes values in the set of orthogonal 
matrices, we realize that U(t)dB{t) is a Brownian motion. Hence, V and Z are coupled solutions, 
with different initial values, to the nonlinear SDE (11.1011 . We will of course bound Wf(f t ,gt) by 
E[|V(f) — Z(t) | 2 ]. Using the Ito formula, we directly find that 

(3.2) ^E[\Z{t)-V(t)\ 2 ] = T(R t ) 

where Rt = £(Z(t),V(t)) and where, for R a probability on R 3 x R 3 , with marginals g and u, 
T(R) = ( 2 (z — v).(b(g, z) — b(v,v)) + ||cr(/i, z) — o{y , v)U(a(g, z), a(v, R(dz, dv). 

Using Lemma 13.11 and that R has marginals g and u, we easily bound 


T(R)< 


/R 3 xR 3 


A ( 2 , 2 * 


v , v it )R{dz it ,dv ir )R{dz, dv) 


where A (z,z*,v,v*) := 2(z — v) ■ ( b(z — z*) — b{v — u*)) + || a(z — z*) — a(v — u*)|| 2 . A simple 
computation, see Lemma 13.31 below, shows that A = Ai + A 2 , where Ai is antisymmetric and 
disappears when integrating, and where A 2 can be controlled explicitly. We end with 


r (R) < 8 


/ 

xl 3 JR 3 xR 3 


(\z - z* 1 A \v - u^l) 1+7 
|z — z#\ V \v — u*| 


R(dz*, dv*)R(dz, dv ), 


Assume first that 7 € (—1,0). We get 


r (R) <8 [ 

J R 3 xR 3 


\z — v\ 2 \z — z ir \ 1 R{dz if , dv*)R(dz, dv) 


[ [ \z-v\ 2 \z 

J R 3 xR 3 Jr 3 


— z*| 7 g(dz*)R(dz, dv). 


Using finally Ol with some p > Pi(y), 


T(R)<C p (l + \\g\\ LP ) / | z — v\ 2 R(dz, dv). 

JR 3 XR 3 

Coming back to (13.21) . we end with (d/dt)E[\Z(t) — V(f)| 2 ] < C p ( 1 + ||/ f ||L P )E[|Z(t) — V(t)| 2 ], 
whence, using the Gronwall lemma, 

Wi{ft,g t ) < W 2 2 (/ 0 ,5o)exp (c p J (1 + ||/ s ||i>)ds) 

as desired. When now 7 G (—2, —1], a slightly more complicated study shows that 

r(i?) < C Pt r(l + IHIlp + \\v\W) [ \z - v\ 2 R(dz,dv), 

J R 3 xR 3 

for any p > pi(y) and any r > (2 p — 3)/[(3 + y)(p — 1) — 1]. 
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3.2. Fine regularity estimates. The subsection is devoted to the proof of the following estimate. 
Proposition 3.2. For f,g £ P^R 3 ), R £ II(<?,/) and 0 < tj < e < l, we set 

r„, e (i 2 ) = / ( 2 (z - v) ■ {b{g\ z) - b(f, v)) 

J R 3 xR 3 v 

+ || v(g' 1 ,z) - cr(f,v)U(a(g e ,z),a(f e ,v))\\ 2 ^R(dz,dv). 
Assume that f £ L p ( R 3 ) for some p > pi("/). 

(i) If 7 £ (—1, 0), then 

T^Rf^Ce 2 ^ + C P {l + \\f e \\ LP ) [ \z-v\ 2 R(dz,dv). 

Il 3 xM 3 

(ii) If 7 £ (—2, — 1 ], we assume also that g £ U for some r > (2 p — 3)/[(3 + 7 ){p — 1) — 1]. 
There is 6 > 0 (depending only on r,p,^) such that 

r r\,e{R) fs Cr,p(l + || / + ffl|i r )(l +™l(/ + S )) e<5 + Cr,p(l + | \f~ \\lp + 11 g £ \\l t ) f \z — v \ 2 R(dz , dv). 

J R 3 xR 3 

We start with a simple computation 
Lemma 3.3. Assume that 7 £ (—2,0). Then for any v,v*,w,w* in R 3 , 

A(v, v*,w, w*) := 2 (v — w) ■ (b(v — v *) — b(w — w*)) + \\a(v — v*) — a(w — ic*)11 2 
= A!(u, V*, W, W*) + A 2 (v, U*, W, W*), 

where 

Ai(u, v*,w,w*) = ((v — w) + (u* — w*)) ■ (b(v — v*) — b(w — it?*)) 
is antisymmetric (i.e. Ai(v,v*,w,w*) = —A±(v*,v,w*,w)) and 

A 2 {v, u*, w, w*) < 4(|i> — w \ 2 + |u* — w*\ 2 )K(\v — u*|, \ w — w*|), 

where 

(x A y) 1+7 


(3.3) 


K(x,y) = 


x V y 


Proof. Defining A 2 = A — Ai, we find, with the notation X = v — v* and Y = w — w t , 

A 2 = (X-Y). (b(X) - b(Y)) + ||apO - a(F)|| 2 . 

Recalling that b(X) = —2X|X| 7 , using that ||cr(X)|| 2 = 2|X| 2+7 and that 

((*{x),*(Y))) = m 1 + 7 / 2 m 1+7/2 (1 + \x\iJy\> ) ^ 2 m 7 / 2 m 7/2 (* ■ Y ) 

(we used that 1 + x 2 > 2x for the last inequality), one easily checks that 

A 2 < 2(X ■ F)(|X| 7/2 - |F| 7 / 2 ) 2 < 2|X||F|(|X| 7 / 2 - |F| 7 / 2 ) 2 = 2(|X||F|) 1+7 (|X| |7|/2 - \Y\^/ 2 y 

Next remark that for a £ [0,1] and x,y > 0, 


\x a -y a \ = 


(xVy) a (l- [^-T) < (xVyr(l-^)=\x-y\(xVyr- 1 , 
V lx V yi J V xV y/ 


x V yj 


whence 

a 2 < 2\x - y| 2 (|x||y|) 1+7 (|x| v |F|)i 7 i” 2 = 2\x - f| 2 (|x| a |y|) 1+7 (|x| v IFI) -1 . 

One easily concludes, using that \X — F| 2 < 2(|u — u;| 2 + |v» — u>*| 2 ). □ 
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We next prove an intermediate result. 

Lemma 3.4. Let 7 £ (—2,0). Consider f,g £ ^(R 3 ) and R £ II (g,f). For any e £ (0,1), 

[ ( 2 (z-v) ■ (b(g e ,z) - b(f E ,v)) + \\<r(g E ,z) - cr(f e ,v)U(a(g s , z),a(f E ,v))\\ 2 ) R(dz,dv) 

J R 3 xR 3 V ' 

<8 / / \z — v\ 2 K(\z — 2 ;*|, \v — v*\)R E (dz*, dv*)R(dz, dv), 

il 3 xl 3 II 3 xl 3 

where K was introduced in (13.31) and where R e = f R3xR3 J R3 b( u + z , u + v )</ > e('u) du R(dz,dv) belongs 
to 11 ( 1 / ./ )• 

In other words, R E {A) = f R3xR3 f R3 1 a(u + z, u + v)</> e (u)R(dz, dv) du for all A £ £>(R 3 x R 3 ). 

Proof. Let us denote by I the left hand side of the desired inequality. We claim that 

{z — v) ■ (b(g e ,z) - 6 (/ e ,i>)) = f (z - v) ■ (b(z - z*) - b(v - v*))R E (dz*,dv*), 

JR 3 xR 3 


\W(g e , z) - a(f E , v)U(a(g s , z),a(f E , v) 


< 


\a(z — z*) — a(v — v*)\\ 2 R E (dz*, dv*). 


Jl 3 xl 3 

The first point is obvious: it follows from the fact that the marginals of R e are g e and f e . The 
second point relies on Lemma 13.11 with (here z,v £ R 3 are fixed) F = I 3 x R 3 , m = R E (dz*,dv *), 
<Ji(z*,v*) = cr(z — z*) and 02 ( 2 *, u*) = a(v — v*). Indeed, since cr(x) = (a(x)) 1 / 2 , we have 


/R 3 xt 3 


a(z — z*)cr*(z — z*)R E (dz*,dv*) = a(g E , z), 
<j(v — v*)a*{v — v*)R E (dz*,dv*) = a(f E , v). 


J R 3 xM 3 

Recalling the notation of Lemma 13.31 we thus deduce that 

I< / / A (z,z*,v,v*)R E (dz*,dv*)R(dz,dv). 

JR 3 xR 3 1R 3 xl 3 

By Lemma 13.31 we know that A = Ai + A 2 , whence, with obvious notation, I < I 1 + F- Using 
the substitution u 1 —> —u and that Ai(u, z* — u, v, v* — u) = —Ai( 2 *, z + u,v*,v + u), 


h = 


3 xR 3 Jr 3 


Ai(z, z* + u, v, v * + u)(j) e {u)du R(dz*,dv*)R(dz, dv) 


/ R 3 xR 3 


/ / Ai(z, z* — u, v, v* — u)cp E (u)du R(dz*, dv*)R(dz, dv) 

J R 3 xR 3 J R 3 

/ / / Ai(z*,z + u,v*,v + u)(j> E (u)du R(dz*,dv*)R(dz,dv) =—Ii, 

J R 3 xR 3 J R 3 xl 3 JR 3 


/R 3 xR 3 JR 3 xR 3 JR 3 

so that I\ = 0. This computation is licit: recalling the expression of Ai and that | 6 (a;)| < 2|x| 7+1 , 


k e (z,z*,v, v*) := / \Ai(z,z* + u,v,v* + u)\<j> e (u)du 
Jr 3 

<2(|z| + |u| + \z*\ + |u*|) [ (| z - z* - it| 1+T + |u - v* - u\ 1 + ' y ) 4 > e (u)du 

Jr 3 

<C e {l + \z\ + |u| + |z*| + |u*|) 2 . 

For the last inequality, separate the cases 7 £ [—1,0) and 7 £ (-2,-1). This last expression is 
integrable against R(dz*,dv*)R(dz,dv) because / and g belong to ^(R 3 ) by assumption. 
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Finally, using again the substitution u i-A —u, it is easily checked that 


Jo =4 


u\. \v — v* — u\ 


= 4 / [ [ (\z-v\ 2 + \z*-v*\ 2 )K(\z-z*-‘ 

J R 3 xR 3 JR 3 xR 3 J R 3 

<p e (u)du R(dz*,dv*)R(dz,dv) 

=8 / / I \z — v\ 2 K(\z — 2 * — u|, \v — v* — u\)<p £ (u)du R(dz*, dv*)R(dz, dv), 

Jl 3 xR 3 JR 3 xR 3 JR 3 

which is nothing but the RHS of the target inequality. 

We can finally give the 


□ 


Proof of Provosition \3.S[ Let thus 7 G (—2,0), f,g G V 2 O& 3 ), R G H(g,f) and 0 < 77 < e < 1 
be fixed. Let also p > pi(y) be fixed and assume that / G L p ( R 3 ). If 7 G (-2,-1], we assume 
moreover that g G L r (M 3 ) for some hxed r > (2p — 3)/[(3 + 7)(p — 1) — 1] and that r < p without 
loss of generality. We start with r Vt£ (R) = Iq + Ii + h + I 3 , where 


In '■= 


h :=2 


1-2 '■ = 


'xR 3 L 


2 (z-v) ■ (b(g E ,z)-b(f E ,v)) 

+ |Hs e , z) - cr(/ e , (a(g E , z), a(/ £ , v)) || 2 i?(dz, du), 

[ (z-v)- (big 11 , z) - 6(ff £ , 2 ) - 6(/, v ) + 6(/ £ , u)) ii(dz, du), 

JR 3 xR 3 


R 3 xR 3 


{v(g e ,z) - °(g v ,z)) ~ M/ £ W) - v(.f,v))U(a(g e ,z),a(f e ,v)) R(dz,dv), 


h :=2 


Tr 


(cr(g e , 2 ) - a{f E ,v)U(a(g E ,z),a(f E ,v))^j 

[(a(g E ,z) - a(g v ,z)) - (cr{f E ,v) - a{f,v))U(a{g E ,z),a(f E ,v))^j R(dz,dv). 
Lemma T3.41 tells us that 

Io < 8 / / 1 2 — u| 2 /v (|2 — 2 *|, |v — u*|).R £ (d 2 *, dv*)R(dz, dv), 

JR 3 XR 3 JR 3 xR 3 

with I? E G n( 3 e ,/ £ ) defined by R e = / r3xR 3 / r3 6 ( u +z, u+ „) 0 £ (M)-R(d 2 , dv). 

We now prove (i). We thus assume that 7 G (—1,0). We start with I 0 . Since 7 G (—1,0), it 
holds that K(x,y) < min{a; 7 ,?/ 7 } < y J , whence 


^0 < 


>/ / 

JR 3 xR 3 JR 3 


(2 — v\ 2 \v — i>*| 7 -R £ (d 2 *, dv*)R(dz, dv). 


Using that R e has g E for second marginal, we deduce that sup„/ R 3 xR3 \v — i;*| 7 I? £ (d 2 *, du*) = 
sup t ,/ R3 |u-i;*| 7 / £ (di;») < l + C p \\f e \\ L p by (HU, recall that p > pi ( 7 ). Consequently, 


Io<C p (1 + ||/ £ |M f \z~v\ 2 R(dz,dv). 
J R 3 xR 3 


Lemma l2~ll - fiii') tells us that | b(f,v) — b(f E ,v)\ < Ce 1+1 and implies, since g G [0, e), that 
| b(g v ,z) — b(g e ,z)\ < Ce 1+1 . Using that x ■ y < \x\ 2 + \y\ 2 , we thus find 


h < 


c[ (s 2+2 ' 1/ + \z-v\ 2 )R{dz,dv) = Ce 2+2ry + C [ \z - v\ 2 R{dz,dv). 

J R 3 xR 3 7 ' ./R 3 xR 3 
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Using that ||a — 6|| 2 < 2(||a || 2 + ||fc|| 2 ), that U is orthogonal and then Lemma [ 2 ~ 2 l we see that 

h<2 [ (\W,z)-a{g\z ))\\ 2 + \\a{f,v)-a{f,v))\\ 2 )R(dzM 

<C [ (\\a(g £ ,z)-a(g r, ,z))\\ + \\a(f E ,v)-a(f,v))\\) R(dz,dv). 

Jl 3 xl 3 ' ' 

Lemma T2.4U nil thus implies that I 2 < Ce 2+1 , which is smaller than Ce 2+27 . 

Finally, to bound I 3 , we start from the inequality 


from which 


h < e -7 


Tr(AS)<||A||||i 3 ||<-(£- 7 ||A || 2 + £ 7 ||i?|| 2 ) 


cr(g E ,z) - cr(f E ,v)U(a(g e ,z),a{f e ,v)) R(dz, dv) + e 7 / 2 . 


First, we already know that I 2 < Ce 2+7 . Next, using the same argument as in the very beginning 
of the proof of Lemma HOI since R e has g e and f E for marginals, we deduce that 


I3 < Ce 2+27 + e 7 / / a(z — z*) — a(v — v*) R e (dz*, dv*) R(dz, dv). 

J R 3 xR 3 Jl 3 xl 3 

By Lemma 12.31 

h < Ce 2+2 ' 1 + Ce~ J f (|z — v \ 2 + \z* — v*\ 2 )(\z — z *| 7 + \v — v*\ 1 )R e {dz*,dv*) R(dz, dv). 

JR 3 xR 3 

Recalling the definition of R e and using some symmetry arguments, we find that 

I 3 <Ce 2+2j + Ce ~ 7 f f f \z — v\ 2 (\z — z* + u| 7 + \v — v* + u\ 1 )(j) e (u)du 
J R 3 xR 3 JR 3 xR 3 J R 3 

R(dz*, dv*) R{dz , dv). 

But sup^^ / R3 \x — v] 1 cj) E (u)du < Ce 1 . Finally, 

I 3 < Ce 2+21 + C f \z-v | 2 R(dz, dv). 

J R 3 xR 3 

We next prove (ii) and thus assume that 7 € (—2, —1]. We need to improve the estimates of (i), 
but the additional integrability allows us to do that. We first observe that our conditions p > pi("f) 
and r > (2 p — 3)/[(3 + y)(p — 1) — 1] imply that p > 3/2, that 0 < p\l + y|/(2 p — 3) < 1 and 
that p\l + 7 |/( 2 p — 3) < 4 + 7 — 3 /r. Hence, we can find S £ (0, 1 ) such that S < 4 + 7 — 3/r and 
6 > p\l + y|/(2p — 3). We fix such a 6 for the whole proof. 


We first treat Iq. By the Young inequality 

K{x,y) = 


min{x, 2 /}] i_r ' . x 


< --+ y 1 < C S (x 1+ ^~ 5 + y~ a ) + y\ 


max{x, y} y 

where a = {5 — 1 — 7 )/<5. But a > I 7 I (because 5 < 1), whence finally 

K(x, y) < C s { 1 + x 1+1 ~ S + y-^- 1 -^/ 6 ). 


Consequently, 
Io < Cs 


3 xf 3 Jr 3 xR 3 


\z - u| 2 (l + \z - z*\ 1+1 s + \v - V* 


- m l-U-l-T 


^ s )R e (dz*,dv*)R(dz, dv). 
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Using that the marginals of R e are g e and f e , as well as G3). we conclude that 
Iq < C r , p ,s{l + \\g e \W + ||/ e ||lp) f \z-v\ 2 R{dz,dv), 

J R 3 xR 3 

provided that r > 3/[4 + 7 — 5 ], i.e. S < 4 + 7 — 3/r, and p > 3/[3 — (<5 — 1 — 7 )/S\, i.e. 
5 > p\ \ + 7 |/( 2 p— 3). Both hold true. 

We next treat I\. Lemma 12.41 lii) implies that 

| b{x) — b s (x)\ < C min{e, |x|} |a :| 7 < Ce 5 |a;| 1+7_<5 . 

This implies 

I b(f,v) - b{f e ,v )| = | b(f,v) - b s (f,v)\ < Ce 5 [ \v - v*\ x+ ^ s f{dv*) < C r , s (1 + \\f\\ L r)s s 

J R 3 

by (HU) because r > 3/(4 + 7 — <5). Using a similar computation for g, we easily find 

h < C r ,s( 1 + H/Hia + ||ff||L’-)( TO i(/) + m 1 {g))e s . 

As in point (i), 

h < G [ (|| a(g e ,z) - a{g n ,z ))|| + ||a(/ E ,u) - a{f,v ))||) R(dz,dv). 

J R 3 xR 3V ' 

By Lemma HU (h), we have ||a(a;) — a e (x )|| < Ce 2 {£ + |x |) 7 < C , £: 1 +l 5 |ir| 1+7_ ‘ 5 , so that, with the 
same arguments as when bounding I\. 

IK/ E ,u) - a(f,v )|| < Ce 1+& [ \v- v*\ 1+1 ~ s f(dv*) < C r>s (l + \\f\\ L r)e 1+s , 

J R 3 

and the same holds for g. Consequently, 

h < C r > s ( 1 + ||/||za + ||g||L^)e 1+5 . 

To bound 1%, we start as in (i): for any a > 0, 

I 3 <£°‘[ a(g £ ,z)~ a(f £ ,v)U(a(g s ,z),a(f £ ,v)) R(dz,dv) + £~ a h- 

J R 3 xR 3 

Exactly as in (i), we deduce that 

I3 <£~ a h + C£ a [ [ f \z — v\ 2 (\z — z* + it| 7 + |u — v* + u\' y )4> e (u)du 

J R 3 xR 3 JR 3 xR 3 J R 3 

R(dz*, dv*) R(dz, dv). 

But for all x £ M 3 , / R3 \x + u | 7 <j> e {u)du < C(e + |x |) 7 < Ce~ 1 +< 5 |a;| 1+7_ ' 5 , whence 

h <C£~ a h + C r , S £ a ~ 1+5 [ f f \z-v\ 2 {\z-z*\ l ^~ s + \v-v*\ 1+ ^~ 5 ) 

dR 3 xR 3 Jr 3 xR 3 J R 3 

R(dz*, dv*) R(dz, dv). 

With the same arguments as in the bound of Ji, we conclude, using that R £ II(g, /), that 

h<C£- a h + Cr,se a - 1+5 (l + \\f\\ L r + \\g\\ L r) [ \z-v\ 2 R(dz,dv) 

J R 3 xR 3 

<Cr t s(l + \\f\\Lr + \\g\\L-)(e 1+S ~ a + £ a ~ 1+S [ \z-v\ 2 R(dz,dv)). 

K J R 3 xR 3 J 
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Choosing a = 1 — <5, we end with 

h < C r ,s{l + \\f\w + \\g\\L-)(e 26 + [ \z - v \ 2 R(dz,dv)). 

K J R 3 xK 3 7 

This completes the proof. □ 

3.3. Strong/weak stability principles. The rest of the section is devoted to the 

Proof of Theorem \l.4\ Let 7 £ (—2,0) and /o £ 7/2 (R 3 ) satisfy also H(f 0 ) < 00 and m g (/o) < 00 
for some q > q{ 7 ). We consider the unique weak solution / to (11.111 starting from f 0 built in 
Theorem 1 1.31 as well as another weak solution g £ Lf£ c ([ 0, 00 ), ^(R 3 )) starting from g 0 £ ^(R 3 )- 
We fix p £ (pi ( 7 ), £ 2 ( 7 , 9 ))- We know that/ £ L^ c ([0, 00 ), T’ 2 (R 3 ))nL z 1 oc ([0, 00 ), L P (R 3 )). If finally 
7 £ (-2,-1], we assume that g £ L/ oc ([0, 00 ), 17(R 3 )) for some r > (2 p— 3)/[(3 + 7 )(p — 1) — 1]. 
We assume without loss of generality that r < p. 

Step 1. By Lemma (23J-(i)-(ii)-(iii), we see that a(g t ,z) and b(g t ,z) satisfy the assumptions of 
Proposition lB.il Indeed, \\<j(gt, z )\\ 2 < C( 1 + \z\ 2 ) and, if 7 £ [—1,0), \b(g t ,z)\ < (7(1 + |z|). If 
now 7 £ (—2,-1), since r > 3/(4 + 7 ), b(g t ,z) < (7(1 + ||/ t ||ir), which belongs to LLd 0 - 00 )) by 
assumption. Consequently, we can find, on some probability space, a Brownian motion (B(t))t> 0 , 
independent of a go-distributed random variable Z(ff) such that there is a solution (Z(t))t >0 to 

b(g„,Z(s))ds + [ a(g s ,Z(s))dB(s) 

Jo 

satisfying C{Z(t)) = g t for all t> 0. 

Step 2. Let V(0) with law f 0 be such that E[|V(0) — Z(0)| 2 ] = Wf(fo,go)- Recall that the 
function U taking value in the set of orthogonal matrices was defined in (13.11) . We claim that for 
any e £ ( 0 , 1 ), there is a strong solution (V E (t))t>o to 

(3.4) Ve(t) =V(0) + f b(f s ,V E (s))ds+ f a(f Sl V £ (s))U(a(g e s: Z(s)),a(f e sl V £ {s)))dB s , 

Jo Jo 

where // := f s * <j> e and that furthermore, C(V £ (t)) = f t for all t > 0 . 

Recalling that (Z(t)) t >o has already been built in Step 1, the fact that strong uniqueness holds 
(13.41) classically follows the facts, which we will check below, that b(f s ,v ) is Lipschitz in v (with 
a constant locally integrable in time), cr(f s ,v ) is Lipschitz in v (with a constant locally square- 
integrable in time), the boundedness and local Lipschitz property of v 1 —>• U{a(g e s , Z(s)), a(ff ,v)). 

Next, recalling that U(T, 1 , S 2 ) is orthogonal for all symmetric positive matrices £1 and £ 2 , we 
deduce that fi(t) = f 0 U(a(f s ,V £ (s)),a(g s ,Z(s)))dB(s) is also a 3D Brownian motion: it suffices 
to note that (3 is a 3D martingale and that its quadratic variation matrix is I 3 L Hence, V £ also 
solves the linear SDE (12.11) . with initial condition V(0) and Brownian motion (/3(t))t>o> associated 
with the weak solution / to ED. Consequently, one can check as in the proof of Theorem 1 1. 71 Step 
2 that £(V e (t)) = ft for all t > 0 . 

As already seen in Step 1 of the proof of Theorem 11.71 using that / £ Lf£ c ([0, 00 ), ^(R 3 )) 71 
L i 1 oc ([0, 00 ), L P (R 3 )) and Lemma [22D(iv)-(v), we see that b(f s , v) is Lipschitz continuous in v, with 
a Lipschitz constant (locally) integrable in time and that cr(f s ,v) is Lipschitz continuous in v, 
with a Lipschitz constant (locally) square integrable in time as desired. It only remains to check 
that v U(a(g e s: Z(s)),a(ff,v )) is locally Lipschitz continuous. First, we obviously have, by 
convexity and invariance by translation of the entropy, H(ff) = H(f s * 4> s ) < < C £ , while 


m=z( 0 ) 
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m 2 (fg) < 2 m 2 (f s ) + 2e 2 . The same arguments apply for g E , so that, since the second moment of 
/ and g are (locally) bounded in time by assumption, we get that 

sup H(f e s ) + H(g £ s ) + m 2 (f!) + m 2 (g e s ) < C e , T - 

s€[0 ,T] 

Consequently, we can apply Proposition 12. II and deduce that, for s £ [0,T] and v £ K 3 , 

(3-5) ll(a(/»)- 1 || + ||(a( 5 »)- 1 || < C e , T ( 1 + M)H. 

By Lemma T2.51 fib we also see that 

(3.6) \\ a (f!,v)\\ + ||a( S J,u)|| < C{ 1 + |u|) 2 . 

Using next Lemma liTSU vi'l-fviif and that 11/^|< ||</> e ||,LP < C E , 

(3.7) \\ a ifs i v ) - a(f!,v') || < C e ( 1 + \v\ + |t/|)|i> - v’\. 

From the definition m and Lemmait is tedious but straightforward to see that there is i > 0 
and C > 0 such that for all symmetric positive matrices E 1: E 2 , E^, 


||c/(e 1 ,e 2 )-e/(e 1 ,e')| 
<C'(||E7 1/2 || + ||e1 /2 || + || 


-v— 1 / 2 , 


+ ||e(/ 2 || + IKS')- 1 / 2 !! + ||(E') 1 / 2 ||) i ||E 2 - E'||. 


Using this inequality with Ei = a(g E , Z(s)), E 2 = a(ff,v) and E(, = a(f E ,v'), using also (13.511 . 
(ESI) and EH, we conclude that indeed, 

II U(a{g s s ,Z(s)),a{fl,v)) -U{a(g e s ,Z(s)),a(f e s ,v'))\\ < C e , T ( 1 + M + M + \Z{s)\) 3 \v - v'\ 
for some j > 0. This completes the step. 

Step 3. Recall that £(Z(t)) = gt and £(V e (t)) = ft (for any value of e £ (0,1)). We will bound 
Wf(f t ,gt) by E[|Z(f) — V £ (f)| 2 ]. Applying the Ito formula, we directly find that 

d -E[\Z(t) - V e (t )| 2 ] =E[2 (Z(t) - V e (t)) • ( b(g t ,Z(t )) - b(f u V E (t))) 

+ || v(9t,Z(t)) — cr(ft,V E {t))U{a[gl , Z(t)),a(ff , V e (t))) |' 21 


dt 


Setting R et = £(Z(t), V E (t)), which belongs to 11 ( 3 , /), we realize that with the notation of Lemma 

m 


^nZ(t)~V £ (t)\ 2 } =r 0,e(Re,t). 

Step 4 : proof of point (i). We thus assume that 7 £ (—1,0). Applying Proposition 13. 21 fib we 
conclude that 

J t n\m - V e (t) | 2 ] < Ce 2+ ^ + C p (l + \\ff\\ LP )E[\Z(t) - V e (t)I 2 ]. 

But E[|i?(0) — V(0)| 2 ] = Wi(f 0 ,g 0 ), so that, by the Gronwall lemma, 

E[|Z(f)-V e (f)| 2 ] < (W|(/ 0 , go) + C e 2+27 ) exp (c p j\l + \\f E \\ LP )d S ). 

Since finally £{V e {t)) = ft and £(Z(t)) = gt, it holds that Wf(ft,gt ) < E[|Z(t) — V e (f)| 2 ]. To 
conclude the proof, it suffices to let e tend to 0 , noting that ||/ t e ||LP < ||/t||ip for all e £ ( 0 , 1 ). 
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Step 5: proof of point (ii). We assume here that 7 G (-2,-1). Applying Proposition l3.2U iih 
we conclude that there is S > 0 such that 

- v e (t)i 2 ] <a, P (1 + \\ft\\LP + M\w)nm - v^h 

+ Cr,p (l + ||/t||i r + \\gt Hza) (1 + mi{ft) + ■ 

Using that E[|Z(0) - V(0)| 2 ] = W%{f 0 ,go), that (1 + ||/ t |U-- + UstlUOC 1 + mi(/f) + «u( g t )) is 
(locally) time-integrable because f,g G A^ c ([0, 00 ),^(R 3 )) fl L i 1 oc ([0, 00 ), L r (M 3 )) by assumption, 
the Gronwall lemma, that W 2 (ft,gt) < E[|V £ (t) — Z(t )| 2 ] for any e G (0,1) and letting e tend to 
0 , we find that 

W£(f t ,g t ) < W 2 2 (/o, 3 o)exp(c' r . iP J (l + ||/ S || LP + || 5 s ||z,r)ds). 

The proof is complete. □ 


4. Moment estimates for the particle system 

The aim of this section is to check the following propagation of moments. When 7 G [—1,0), we 
could handle a simpler proof, but the case 7 G (—2, —1) really requires a tedious computation. 

Proposition 4.1. Let 7 G (—2,0). Let N > 2 and ijn G (0, 1). Assume that 
exchangeable and that E[| V( v (0)| r ] < 00 /or some r > 2. Consider the unique solution 
to (11.91) . For all T > 0, there is a finite constant Ct,t (not depending on N) such that 


N ( 


supE[|Vf (t)| r ] < Cr,T E[|Vf 

[0,T] 

Proof. By the Ito formula, setting ip(x) = |ai| r ', 

E[|Vf(t)r] =E[|Vf(0)r] + r fv[\V?(s)\ r - 2 V?{s).b{il^V?{s))\ds 

Jo 

rt 


i 

,N/ 


E 


r o 


Tr V 2 ^(Vf( S ))a(jif,Vf( S 


ds 


=■■ E[|Vf(0)| 

changeability, we find 

rt 


L n + J(\ 


N 


Using that b(p,£ ,Vf (s)) = N 1 J2j=i(P * ) (W ( s ) — V,- (s)), that (&*0w)(O) = 0 an(i ex " 


tn.. A n -0 

* N 


E 


/ o 


|Vf (a)r- 2 Vf (s) • (&*</™)(Vf (a) - V? (a))da. 


Using again exchangeability (and that (b * cf VN )(—x) = — (b-k<f> VN )(x)), we can symmetrize the 
expression, which gives 


jN _ r(N-l) 
* 2N 


E 


{b*M(V?(a) - V 2 %)) • (y?(a)\V?(a)\ r - 2 - V?{a)\V?(a)?-*) 


ds. 


Finally, we observe that clearly, since b(x) = — 2\x\~< x and since t]n G (0,1), \(b * (f VN )(x)\ < 
C(1 + |x| 7+1 ) for all x G K 3 . Furthermore, |a;|a ;| r_2 — i/|y| r_2 | < C r \x — y\(l + \x\ r ~ 2 + \y\ r ~ 2 ). All 
this implies that 


If <C r 


E 


(i + | V f( S ) - v 2 w ( S )r +i )ivf( S ) - v 2 w ( S )ki + ivf ( S )r 2 + iv 2 w ( S )r- 2 ) 


ds. 
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SinceyS (—2,0), we easily check that (l + |u—u;| 7 + 1 )|i>—u;|(l-t-|i;| r 2 + |w| r 2 ) < C r (l + |i;| r '+|'u;| r ), 
whence finally 


I f N <C r 


E 


i+ivrwr + Kwi 


ds < Cr 


E 


i + ivrwi 


ds 


by exchangeability. 

Using next the easy estimate ||a(/z^, Vf f (s))|| = H-/V ” 1 3)yli( a * ( s ) ~ Vj^s))!! < 

CW -1 £?=!(]. + |Vf (s) — Vj v (s)| 7+2 ) (because tjn € (0,1)), that \D 2 ^(x)\ < C r \x\ r ~ 2 , and ex¬ 
changeability, 


J t N < C r 


E 


ivf( S )r- 2 (i + - v f ooi 7+2 ) 




ds 


< C r / E 

J 0 


ivi"wr 2 (i + ivf( S )r +2 + iv 2 w ( S )r+ 2 ) 


ds. 


Using the Holder inequality and exchangeability again, we easily conclude that 


J t N < C r 


E 


i+ivf( S )r+ 7 


ds < C r 


E 


i+ivrwi 


ds. 


We have checked that E[|V( v (t)| r ] < E[|V( v (0)| r ] + C r / 0 * E[1 + |V( v (s)| r ]ds. The conclusion follows 
by the Gronwall Lemma. □ 


5. Chaos with rate 

The aim of this section is to give the proof of Theorem 11.61 We first introduce a suitable cou¬ 
pling between our particle system and an i.i.d. family of solutions to the 

nonlinear SDE (11.101) . We next prove that we can control the L 2 -norm of a suitable blob approxi¬ 
mation of the limit empirical measure (that of W/ V (t)). This allows us to apply our strong/weak 
stability principle to estimate the mean squared distance between V^(t) and Wf^t). 

In the whole section, we assume that 7 £ (—1,0), that fo £ ^(R 3 ) satisfies H(f 0 ) < 00 and 
m q(fo) < 00 for some q > 8 . Observe that 8 > q( 7 ), recall (11.71) . because 7 £ (—1,0). Hence we 
can apply Theorem II.81 and we denote by / the unique weak solution to the Landau equation (11.11) . 
which furthermore belongs to Lj oc ([0, 00 ), L P (R 3 )) for any p £ [l,p 2 ( 7 , q))- Actually, we will only 
use this estimate with p = 2 , which is indeed smaller than p 2 ( 7 , q), since q > 8 and 7 £ (— 1 , 0 ). 

We fix TV > 2, an independent family of 3 D Brownian motions (£>i)i=i,...,ivj as well as an 
exchangeable family (V/ v (0))j = i,... i Ar, with E[|V( v (0)| 4 ] bounded (uniformly in TV). We consider 
tjn £ (0, TV ' //4 ) as in the statement and the unique solution ((t))*= to 031) with this 
t]n. Finally, we fix 5 £ (0,1) (close to 0) and £n = TV~( 1_< 0' /3 . Observe that t/n < En- 

5.1. The coupling. We recall that for e > 0 and u £ R 3 , <j> e {u) = ( 47 re 3 / 3 ) _ 1 l{| u | <£ }, that 
p™ = TV -1 £. =1 $v N (t)i that p^ = p f * (f>ri N and we introduce p^ = p^ * (f> eN . For i = 1 ,..., AT, 
by definition 

Vf(t) =vf(0)+ [ t b(ji?,V t N (s))ds+ f a(p»,V?(s))dB t (s). 

Jo Jo 


(5.1) 
















ON THE LANDAU EQUATION 


23 


By Proposition IA. 11 we can introduce an i.i.d. family (W J JV (0))i = i j ... j jv of / 0 -distributed random 
variables such that, denoting by Fq* the law of (V./ v (0))i = i ! ... i Ar, the following properties hold true: 

(5.2) E[Ef |Vf (0) - Wf(0)| 2 ] = Wi(F 0 N Jf N ), 

(5.3) the family {(V/ v (0), W/ v (0)), * = 1,..., AT} is exchangeable, 

(5.4) a.s., V( 0 )) =Ar_1 Sf |Vf(0)-Wf(0)| 2 . 

We finally introduce the system of S.D.E.s with unknown (W^(t)) t >o,i=i...N'- for i = 1,..., N, 

( 5-5) 

Wf(t) = Wf(0)+ A(/ s ,Wf( S ))rf S + /^(/ s ,Wf( S ))C/(a(/lf,Vf( S )),a(uf,Wf( S )))^( S ) 

do do 

with the notation vff = TV -1 YliLi $w N (t) an d v™ = v * <fi eN . 

Lemma 5.1. The system (15.511 has a unique strong solution (W/ v (t))t>o,i=i...iv- Furthermore, the 
family ((W,/ v (t))t>o)i=i...iv is independent and for each i = (W,/ V (t))t>o has the same 

law as the unique solution (V(f))t>o to the nonlinear SDE (11.101) . 

Proof. The existence and uniqueness can be checked as in Step 2 of the proof of Theorem 11.41 
the only difficulty is to verify that (wi ,..., wn) U(a(p ^, V/' f (s)), a(N~ 1 EitLi * <t>s N i w i)) 
is locally Lipschitz continuous, which is not very hard using that p,^ and IV -1 Efc=i are 

bounded probability density functions (recall that ejv > 0 is fixed here). 

Since for each i = 1,..., N, the matrix {/^(s) = U(a(p ^, Vf r (s)), a{v™, W^(s))) is orthogonal, 
it follows that the family fif 1 (t) = f* (s)dBi(s) consists of N independent 3D Brownian motion. 
To get convinced, it suffices to observe that these are continuous martingales and to compute the 
quadratic variation matrix. We thus can write 

= 0)+ f b(f s ,W?{s))ds + f <T{f a ,W?{s))dft {s), 

do do 

and the family ((Wd v (t))t>o)j=i...jv consists of N i.i.d. solutions to the nonlinear SDE m- □ 

Remark 5.2. The family {(V^(£), W,/ v (t)) t >o, i = 1,... ,N} is exchangeable. This follows from 
(15.31) and from the symmetry and well-posedness of the systems m and (1531) . 

5.2. Preliminaries. Here we prove two easy lemmas. 

Lemma 5.3. Here we only use that f £ Lj oc ([0, oo), L 2 (M. 3 )) and that ni 2 {ft) = W 2 (/o) for all 
t > 0. 

(i) There is a constant Co > 0 such that for all t > 0, H/tHus > Co- 

(ii) For any T > 0, we can find 0 = t$ < tf < ■ ■ ■ < t^ N < T < t 1 ^ N+1 , with I\n < 2TN 1 / 3 , 

such that sup£_ 0 . K N (fe+i ~ ^7) — A^ -1 / 3 and such that, setting 

Kn + 1 

h N (t)= ^2 ll/(*f)IU 2l {te(tf_ 1 ,tf]}! 

e=i 

it holds that h N (t)dt < 2 \\f(t)\\ L 2 dt. 
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Proof. For point (i), we recall that f R3 ft{dv) = f R3 fo(dv) = 1 and TO 2 (/t) = m. 2 (/o)- We fix 
M = v / 2m 2 (/ 0 ) and we note that ||/i ||| 2 > \\ftJB(o,M)Wl 2 ^ ( 3 /( 47 rM 3 ))(/ t (B( 0 , M ))) 2 by the 
Cauchy-Schwarz inequality. Next, / t (73(0, M)) = 1 — f t (B(0, M) c ) > 1 — rri 2 (ft)/M 2 = 1/2. We 
conclude with cq = ( 3 /( 167 rM 3 )) 1 / 2 . 

Point (ii) is not difficult: consider ac = tN^ 1 ^ 3 /2 for £ = 0,..., ATjv + 1, with Ajv = \2TN 3 ^ 3 \ . 
Put ty = 0 and, for each i = l,...,Abv + 1, consider tf £ (ae-i,ae\ such that \\f(t^)\\ L 2 < 
27V 1 / 3 f“‘ i ||/(t )|| i 2 (here, 27V 1 / 3 is the length of (a^_i,a^]). One easily checks that all the condi¬ 
tions are satisfied. □ 


The second lemma states a few easy and standard properties of the solution to the nonlinear 
SDE (which actually hold true for any SDE of which the coefficients have at most linear growth). 


Lemma 5.4. Recall that 7 £ (—1,0), and that m q (fo) < 00 for some q > 6 . Consider the unique 
solution V to the nonlinear SDE (11.101) . see Proposition\l. 7| For all T > 0, 


E 


sup |V(7 )| 9 + ( sup 

te[0,T] '■0 <s<t<T 


|V(7)-V(s)| yi 
It-s ) 1 / 3 ) . 


< c T , q . 


Proof. Since 7 £ (—1,0) and since m 2 (ft) = m 2 (/o) for all t > 0, we know from Lemma [2751 - (i)-(iil 
that b(ft, •) and er(/ f , •) have at most linear growth, uniformly in t> 0. Since E[|V(0)| 9 ] = m q (fo) < 
00 , standard computations involving the Burkholder-Davis-Gundy inequality show that for all 
T > 0, E[sup tg [ 0 T ] |V(i)| ? ] < Cx, q ■ Standard computations again show that for all 0 < s < t < T, 
E[|V(t) — V(s)| 9 ] < Cr,q\t — s\ q / 2 . By the Kolmogorov criterion, see Revuz-Yor [22] Theorem 2.1 
page 26], we conclude that for any a £ ( 0 , 1/2 — 1 /q), 


E 


( sup WO - U»)l 

'0 <s<t<T \t — s|“ 


< C T ,q. 


The choice a = 1/3 is licit since q > 6 . 


□ 


5.3. On the L 2 norm of the blob limit empirical measure. The following proposition is an 
important step. Similar considerations were used in |18j . 

Proposition 5.5. Recall that 7 £ (—1,0), that f is the unique weak solution to (11.11) starting 
from /o £ P(R 3 ) with a finite entropy and a finite moment of order q > 6 . Fix T > 0 and 
consider h N built in Lemma E3 Consider the solution to (15.51) and recall that 

= TV ^ 1 ^w w (t) an d = * /’eat w ddi £n = N~^~ s ^ 3 . We have 

Pr (Vt £ [0,T], \\v” || i2 < 173h w (t)) > 1 - Ct^N 1 ^/ 3 . 

Of course, 173 is not at all the optimal constant. 


Proof. It is quite complicated, so we break it into several steps. 

Step 1. We introduce the event flp N on which 

V * = 1,..., TV, sup \W?(t)\+ sup (t-s)- 1 / 3 |W^(t)-W^(a)| <N S ' 3 
[o,t+i] o<s<t<r+i 

and we prove that 

Pr((f]y jv) c ) < Ct^N 1 - 6 ^ 3 . 
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Since each has the same law as the solution V to (11.101) . 

Pr((^ Ar ) c ) < NPr( sup |V(t)| + sup (t - s)~ 1 / 3 \V(t) - V(s)| > N s ' 3 ). 

' [0,T+1] 0<s<t<T+l ' 

Thus Lemma T5. 41 and the Markov inequality give us Pr((n^ Ar ) c ) < CT, q N.N~ Sq ^ 3 . 

Step 2. We consider the natural partition Vn of R 3 in cubes with edge length £jv and call V S N 
the subset of its elements that intercept B(0, N s / 3 ). Observe that < (2(N S//3 + l)e ^ 1 ) 3 < 

6 AN 5 £^ 3 = 64 N. We claim that for any (aq,..., Xn) G B(0,N s ^ 3 ) n and any (yi,..., y^) G 
B{ 0, N g / 3 ) N such that sup i=li N |aq — yt\ < £n, 


N 


3731 




N Deri 


We start with 

N 


(N-^Sy,)*^) = AjrNe 3 #{» : Vi g B(v,£ N )} < AitNc . 3 #{i ■ Xi€B(v,2s N )}, 


~-N 


whence 


N 


( N 1 '528y t )*<i> CIt ( v )< ^^3 E #{* : Xi G -D}l{DnB(ti,2ejv)#0}- 


' N DePf 


Consequently, setting A = ||(7V 1 J2i S yi)* 4>e N Ills, 
9 


A < 


107 T 2 N 2 £ 6 a 


N 


E #{* : x i £ -D}#!* : x i S D'} / 1 


D,D'<£V% 


R3 


{DnB(v,2e N )^,D'nB[v,2e N )^<D} 


dv. 


Using that 2xy < x 2 + y 2 and a symmetry argument, we find that 
9 


A < 


16tt 2 N 2 £ 6 a 


E (#{* : Xi G D }) 2 / 1 




{DnB(v,2e N )^Q} E ^{£ ,, nS(«,2e J v)^0}^' 1 ’- 
D’&Vl 


But for each v G R 3 , J 2 d'gt s n I {D'ns(«,2 ew )/0} = #{-£' S P 5 N '■ D'C\B{v, 2£ N ) ± 0} < 5 3 and for 
each D G Vff, we easily check that f R3 Tt{DnB(v, 2 e N )^ 0 }dv < 47t(5£jv) 3 /3. Finally, we have checked 


that 


A < 


9 5 3 47t(5£at) 3 . ^_.o 3731 

x g El (^{ z : ^ ^ d?}) < pj2 P 3 El ■ x * ^ ^i) ■ 

D6T5, 


167T 2 lV 2 £^ r 


w De-pi 


•Step 3. We now fix t G [0, T + 1], we consider the event 

^ = {jv- 2 E E (#(* : >EE)e^}) 2 <8||/ t ||| 2 } 

and we prove that there are some positive constants C and c (depending only on 8 and cq , recall 
that 11 ft 11 l 2 > co by Lemma PTTTTl) such that 

Pr((U| w ) c ) < Cexp(-ciV 5 / 2 ). 

To this end, we introduce, for D G V S N , Z D = #{i : W/ v (t) G D}. It follows a Binomial(iV, f t (D))~ 
distribution. Next, it thus holds that 

(5.6) Pr(i?D > x) < exp(—x/ 8 ) for all x > 2Nf t (D). 
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Indeed, E[exp (Z D )\ = exp(ATog(l + f t (D)(e — 1))) < exp(iV(e — 1 )f t (D)), whence Pr (Z D > x) < 
exp (—x + N[e — 1 )f t (D)) < exp (—x + (e — l)x/2) if x > 2Nf t (D). And 1 — (e — l)/2 > 1/8 holds 
true. We next observe that on the one hand, by the Cauchy-Schwarz inequality, 

\\ftf L 2 > Y f ft( v )dv > ejv 3 ^ (/*(D)) 2 , 
oevff D DdV% 

and on the other hand, since #(P^r) < 64A r5 e^ 3 , 

WftWh > te^N-telr Y ll/tlli- 
oev s N 

All in all, 

8||/t||| 2 > Y + 

dev s n 

Consequently, on the event (fl 2 there is at least one D £ V S N for which there holds Z^ > 
N 2 £%[4:£j l 3 (f t (D)) 2 + 16 _1 -/V _<5 4||/ t || 2 2 ], whence 

Pr((fi 2 N ) c ) < Y Pr(^D>^4 /2 [ 4 ^ 3 A(^) + 1 6“ 1 ^“ 5 4ll/ t |l| 2 ] 1/2 )- 
dev% 

But x N := iv4 /2 [4^ 3 (/ t p)) 2 + 16- 1 7V- 5 4||/ t ||2 2 ]i/2 > AT e ^ 2 ( 4£ -3(/ t (i5))2)l / 2 = 2 Nf t (D), so 
that we can apply (15.61) . Since we also have xn > A4^ 2 4 _1 .ZV' _ ' 5 / 2 4 2 ||/ t || i 2 = -^ <5 ^ 2 ||/t|li 2 /4 I 

Pr((f7 t 2 iiv ) c ) < Y exp(-iV 5 / 2 ||/ t || i2 /32)<647Vexp(- C0 7V 5 / 2 /32). 
oevff 

We used that #(74) < 64 N, that Ne^ = N 5 and that ||/ t || L 2 > Co- This completes the step. 
Step 4 • We finally introduce the event 

^t,n = f^T,IV C ^ l~b_4 ^t#Ar) > 

where 0 = 4 < 4 < • • • < < T < t% N+1 , with K N < 2 T7V 1 / 3 and sup^ =0j _ Kn (tf +1 - tf) < 

TV -1 / 3 , were defined in Lemma PTTTT1 Recall also that h N (t) = ll/(4)llL 2 ^{te(tf 

We first claim that, Pr(f2T,iv) > 1 — Cr,q,s TV 1-95 / 3 . This follows from the fact that Kn 
2TN 1 / 3 and from Steps 1 and 3: we have Pr(fly Ar ) < Pr((f l], N ) c ) + ]Ca=i + 1 Pr((fl 2 jv N ) c ) 
C T , q N 1 ~ q5 ^ + C{K n + 1) exp(-dV-V2) < Ct^sN 1 -^/ 3 . The claim follows. 

It only remains to prove that indeed, ||i4l|i/ 2 < 173 h N (t) for all t £ [0,T] on fir, a- Recall that 
4 = (TV -1 fiw N (t)) * 0ejv ■ On ^ t,n, we know that 

• W^(t) belongs to B( 0, N s / 3 ) for all i = 1,... ,N and all t £ [0, T + 1] (thanks to Clj, N )- : 

• for all £ = 1,..., K n + 1, all t £ \tf_ 1; 4L alii = 1,..., IV, \W^(t) — W/ v (4) I < N s / 3 \t^ — 
4-iI — N 5 / 3 - 1 / 3 = £jv (due to 114 again); 

• for all £ = 1,..., K n + 1, N~*ejf 3 YjdeV s n (#(* : w f(4) e D }) 2 ^ 8 ll/t"ll 2 ( due to ^,n)' 


VI VI 
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Using Step 2, we conclude that indeed, on LIt,n, for all t G [0,T], defining I as the index such 
that t G tf], 

WtfWb < 37317V-2 e -3 £ (#{* ; G -D}) 2 < 3731 x 8||/ tf || 2 = 29848(/A(i)) 2 . 

D£V 6 n 

This ends the proof, since \/29848 <173. □ 


5.4. Computation of the mean squared error. Here is the main computation of the section. 

Proposition 5.6. Recall that 7 G (—1,0), that f is the unique weak solution to (11.11) starting 
from fo G P(M 3 ) with a finite entropy and with tos(/o) < 00 . Recall that ipy G (0,1V -1 / 3 ), that 
e N = N-i 1 - 6 )/ 3 and that (V^) z=i,...,iv and ('W^)j=i,... I jv are the solutions to and (1531) . 
Recall that ^ = N~ x S v n (t) , uf = TV -1 Tt = * 0ejv 

= vff -k (p SN . Fix T > 0, recall that h N was defined in Lemma 15. ffl and consider the stopping 
time 

t n = inf{t > 0 : ||u ^ v ||/,2 > 173/i w (t)}. 

There is a constant Ct,s > 0 such that for all t G [0,T], 

E[|V^(t At n ) - W"(t Atat)! 2 ] < C' T , 5 (lV- ( 1 - 5 )( 2 + 2 fo /3 + lV- 1 / 2 +E[|V 1 Ar (0) - Wf(0)| 2 ]). 

It seems that we could remove the term IV -1 / 2 with some work, but this would not improve the 
final result of Theorem 11.61 


Proof. We put u t = E[|V( v (t A tn ) — Wi (t A Tjv)| 2 ]- To lighten notation, we also set [/,- (s) = 
U(a(p,^,V^(s)),a(uf,W^{s))). By Lemma[31 sup [0 T] m 8 (/ t ) < 00 . 

Step 1. A direct application of the Ito formula gives 

ptATN 


u t =E 


|Vf (O)-Wf 


N / 


(2(Vf(s) - Wf(s)) • (b(fi?,V?(s)) - b(f a ,W?(s))) 
+ (< 0 ) - cr(/ s , W 1 Ar (s))/7 1 Ar (s)|| 2 )ds 


=E[|V 1 JV (0)->V 1 Ar (0)| 2 ] + E 


/•tArjv 


(Is Js K s )ds , 

L Jo J 

where 

Is :=2 (Vf( S ) - Wf(s)) • (6(/2f, V n ( 8)) - b(v? ,W? (s))) 

+ \\a(^,V^(s))-a(^,W 1 N (s))U 1 N (s)f, 

J s :=2 (Vf(s) - Wf(s)) • (6(uf, Wf(s)) - 6(/ s , Wf (*))), 

^ HK/Zf, Vf(s)) - a(f s ,W^ (s))U^ (s)|| 2 - |K£?, V?(a)) - , Wf( S ))C/f (s)|| 2 . 

Let us notice at once that 

J s < |Vf(s) - Wf(s)| 2 + \b(v?, W?(s)) - b(f s , Wf (s))| 2 =: |Vf(s) - Wf (s)| 2 + J l s 

and, using that ||A — B\\ 2 — ||A — IT|| 2 < ||B — B'\\ 2 + 2||A — 11— B || and that U^(s) is 

orthogonal, 


K s < K] + VM s Kl, 


where 


K] := Mf s ,W?(s)) - a(uf, Wf (s ))|| 2 and M s := , Vf( S )) - ,W*(s))U? (s) || 2 . 
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Step 2. Using exchangeability, we realize that 


E 


/*it Atjv 


I s ds 


Jo 


=E 


-70 


t/\TN ^ 

N 


£ ( 2 (vf (s) - Wf (s)).( 6 (Af, vf (a)) - 6 ( 1 ^, Wf («))) 

i=l 

+ lk(Af ,^f(s)) -cr(uf,Wf (s))[/(a(/ 2 f, Vf(s)),a(pf, Wf (s)))|| 2 )ds 

Setting = TV -1 <5(v N ( s ),w iv (s))) which belongs to n(/r^ v , u^), observing that = (p^) VN , 
p^ 1 = {p^) eN and v™ = (v^) eN , and recalling the notation of Proposition 13.21 this directly gives 

ntATN 



/•i Atjv 


E 

/ Is ds 

=E 


Jo 



L J 0 


(Rs)ds 


We thus use Proposition 13.21 Cil (with p = 2 which is indeed greater than ^ 1 ( 7 )) and obtain, since 
\\v?\\ L * < 173 h N (s) for all s < tn, 


E 


rtATN 


I s ds 


JO 


ptATN 


N 


<Cts 2 + 2j + CE / (l + ^(a))-5:|Vf( S )-Wf( S )| 2 d S 


JO 


i =1 


Using exchangeability again, we end with 

ptATN 


E 


Is ds 


JO 


<Cte 2 + 2l + C (1 + h N (s))u s ds. 


Step 3. We now check that E[J 3 + Kj\ < CtN 1 for all s £ [0,T]. This will imply that 


E 


ntATN 


(J s + Kl)ds < CtN 1 + / u s ds. 


L J 0 


Recall that rri 2 (ft) =n* 2 (/o) and H(f t ) < H(fo) for all t > 0 (see Theorem II. 311 . so that Lemma 
m ensures us that || (a(f t ,v)) 1 || < C(1 + |u|)l 7 l for all t > 0 and all v £ M 3 . Consequently, using 
Lemma 1221 we deduce that K] < C(1 + |W( v (s)|)l 7 l ^(u^, W’( v (s)) — a(f S: W’( v (s))|| 2 . By the 
Cauchy-Schwarz inequality, and since ^(W^s)) = f s , 

ml] <C(1 + m 2 1 7 , (/ s )) 1 /, 2 E[||a(zA, Wf(s)) - a(/ s , W^ v (s ))|| 4 ] 1 / 2 
<C T E[||a(uf, Wf(s)) - a(/ s , W 1 JV ( S ))|| 4 ] 1 / 2 . 

We also have J 4 = \b(v^(s)) — 6 (/ s , W( v (s))| 2 , so that, using Cauchy-Schwarz again, 

Wl] < CE[\\b(^,W^(s)) - b(f s , W 1 7V ( S ))|| 4 ] 1 / 2 . 

To conclude the step, it thus suffices to prove that for p : K 3 i-a K with at most quadratic growth 
(which is the case of all the entries of a and b), with the notation <p(p,,x) = f R3 ip(x — y)p(dy), 

E[|^f ,wr(s)) - <p(fs,W?(s)) I 4 ] < Ct, v N~ 2 . 

To this end, let us recall that there is a constant C > 0 such that for any sequence of i.i.d. 
real-valued random variables (X n ) n >i (see Rosenthal [3T1 for a much more general inequality), 


N 


(5.7) 


E[|i\r 4 £(*i “ E t X i])| 4 ] < c 0 + E[X 4 ])fV- 2 . 


But the family (W( v (s))j = i i ... i Ar is i.i.d. with common law f s . Let us denote by Ei the ex¬ 
pectation concerning only W^, and by E 2j at the expectation concerning only ,... We 
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have <p(Wi*(s), vff) = TV 1 Xa=i <P(Wi f (s) — WA(s)) and, by independence, (s), f s ) = 

(TV — l) -1 ^ 2 ,a[ ( /?(W^ v (s) — W/ V (s))]. As a consequence, since (a; + j/) 4 < 8 cc 4 + 8 j/ 4 , 

N 4-i 


- v(fs,W?(s))\ 4 ] < 8 E[| (- - y) ^ ^(W^s) - Wf (a)) 


A 


+ 8Ei 


E 2 ,AT 


TV — 1 


^^(W 1 JV ( S )-Wf( S ))-E 2 , JV 

2 

=:&An + 8 . 6 _/v* 


AT 


LTV- 1 


- Wf (s)) 


Since |y>(a;)| < (7^,(1 + |x| 2 ), we easily get Aa < (7^,(1 +ms(/ s ))TV 4 < (7 Vi tTV 4 . Since the random 
variables tp(Wf*(s) - Wf(s)) are i.i.d. under E 2j a, we may apply & which gives 

£bv < CTV- 2 E![1 +E 2 , jv ( v 5 4 (W 1 jv ( S ) - Wf(s)))]. 


Using again that \<p(x)\ < (7^(1 + |x| 2 ), we deduce that L?a < (7^(1 + m$(f s ))N 2 < (7 Vj tTV 2 . 

Step We finally show that supr 0 T i E[M S ] < GY- This will imply, by Step 3 and the Cauchy- 
Schwarz inequality, that E [yjK}M s \ < CTV -1 / 2 , whence 


E 


ftATN 


\JK]M s ds\ < C t N~ 112 . 


Using Lemma T2.51 - lib we find that 


M s < C(1 + m 2 (tf ) +m 2 (uf) + |V 1 Ar (s)| 2+3 ' + |><( S )| 2+3 '). 


Using exchangeability, that ipy < 1 and that 0 < 7 + 2 < 2, we see that 

E [M s ] < C( 1 + E[|Vf(s )| 2 + |Wf(s)| 2 ]). 

We conclude the step using that E[|Wf r (s)| 2 ] = m 2 (/ s ) = m 2 (/o) and that sup [ 0 ,t] E[|Vf (s)| 2 ] is 
bounded (uniformly in TV) by Proposition l4.ll 

Step 5. We now gather everything: 

Ut < U 0 + c [ (1 + hf)u s ds + Ct(4 7+2 + ^- 1/2 )- 
Jo 

Using the Gronwall lemma, we get 

sup u t < Ct(uo + £ 2 n +2 + TV -1 / 2 ) exp (c [ h N (s)ds) < CY(«o + e^7 +2 + TV -1 / 2 ), 

[0,T] v Jo 7 

since / 0 T h N (s)ds < 2 / 0 T ||/(s)|| i 2 ds by Lemma [5731 and since / G L 4 oc ([0, 00 ), L 2 (R 3 )). This ends 
the proof. □ 


5.5. Conclusion. We finally can give the 

Proof of Theorem \1.6l Recall that q > 8 , fix <5 = 6/q and recall that ta = inf{t > 0 : H N \\ L * > 
173 h N (t)}. By Proposition 15.51 we know that Pi-(ta < T) < Ct^sN 1 qS / 3 = Cr, q N 4 . We then 
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write, for t € [0, T], 

n\K(t) - WfWH < E[\v?(t A t n ) w?(t A r N )\ 2 } + E[\V?(t) - W?(t)\ 2 1 {tn < t} ] 
< C T , 6 (e[|V^( 0) - wf(0)| 2 ] + tv- ( 1 - ,5)(27+2)/3 + iV" 1/2 ) 

+ CE[|Vf (t )| 4 + |Wf(t)| 4 ] 1 / 2 (Pr(r JV < T )) 1 / 2 


by Proposition 15.61 and the Cauchy-Schwarz inequality. By assumption, E[|Vf f (0)| 4 ] is bounded 
(uniformly in N), so that Proposition 14.11 implies that E[|V( v (t)| 4 l < Ct- Next, Lemma [5.41 gives 
us E[|Wf r (t)| 4 ] < C T - As a conclusion, 

supE[|Vf(t) - W?(t)\ 2 } < C T 5 (E[|Vf( 0 ) -Wf(0)| 2 ] +A ^- (1 - ,5)(27+2) / 3 + 7V- 1 / 2 ), 

[0,T] 


whence, by exchangeability, 


N 


sup E[W 2 2 (p.f, V ?)] < sup E -J2 IVT(t) - Wf (f)I s 

[0,T] r " /V 


[0,T] LiV l 


< 


< 


1 N 

CT ' s fe[jf l v f (°) - wf (0)| 2 ] + N- {1 ~ s) ^ +2) / 3 + 7V" 1/2 ) 


Gt,s ( 


E 




)" + jy-(l-<5)(27+2)/3 + 7V-l/2^j 


where we used (15.41) for the last inequality. But for each t G [0, T], vf is, by Lemma l5Jl the 
empirical measure of N i.i.d. /j-distributed random variables. We thus infer from [14l Theorem 
1] (with d = 3, p — 2 and q = 5) that E [W 2 , ft)] < C(m^(ft)) 2 ^ iV -1 / 2 < Ct-ZV -1 / 2 for any 
t e [0,T], As a conclusion, 


sup E[W 2 (/zf, / t )] <2 sup E v» ) + W 2 (v?J t )} 

[0,T] [0,T] 

<2 C T ,S (E[w| (/i^, I/*)] + AT-(l-<5)(27+2)/3 + ]r 1 /2j _ 


Observing finally that E[W 2 (^,u^)} < 2E[W|(^,/ 0 )] + 2 E[WfK, /„)] < 2 E [W 2 (^,fo)} + 
CIV -1 / 2 ends the proof. □ 


6. More ellipticity estimates 

We now turn to the proof of our second result on the propagation of chaos, which includes the 
case where 7 € (— 2 , 0 ). 

To control the singularity of the coefficients, we will need some regularity of the law of the 
particle system. Such regularity will be obtained thanks to the diffusion. We thus will need to 
show that the diffusion coefficients a(p N ,v) are sufficiently elliptic. Lemma 12.11 which proves 
some ellipticity of a(/, v), requires the finiteness of entropy / and thus cannot apply to empirical 
measures. We will rather use the following lemmas. They all rely on a geometric condition on 
triplet of points, saying roughly that they are far enough from being aligned. 

Definition 6.1. Let S > 0. We say that a triplet of points (x\, x 2 , £ 3 ) satisfy the S-non alignment 
condition if 

(6.1) \x 2 - a,’i| > 6 VS, \p( a . 2 - xl - ) ±(x 3 -x 1 )\> 245 + 2VS\x 3 -xi\, 

where p( a , 2 _ xi )j_ is the projection onto the plane orthogonal to x 2 — x\. 
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This condition is not invariant by permutation of the three points. Also, a triplet satisfying the 
<5-non alignment condition also satisfy the d'-non alignment condition for all S' £ [ 0 , 5]. 

Lemma 6.2. Let 7 £ (—2, 0 ), 8 £ ( 0 , 1) and R > 1. There exists a constant k > 0 depending only 
on 7 , 8 , R such that, for any triplet of points (x\,X 2 ,x 3 ) belonging to B(0,R) and satisfying the 
8 -non alignment condition, for any f £ 

inf Ca(f,v)Z>K( 1 + M ) 7 inf ,f(B(x k , 8 )). 

|C | = 1 fc=l,2,3 

The proof of this Lemma is strongly inspired by that of Desvillettes-Villani :7) Proposition 4] 
(which is Lemma [2.111 . In fact, jTJ Proposition 4] may be seen as a consequence of Lemma [6.21 
thanks to the following Lemma. 

Lemma 6.3. Let <gN*, Hq > 0 and £0 > 0 be fixed. There exist some constants 5 £ ( 0 , 1), R > 0 
and k > 0 such that for any f £ ^( R 3 ) with H{f ) < Hq and TO2 (/) < £q, there are x\,X 2 ,x 3 
belonging to B(Q,R), satisfying the ( l 8 )-non alignment condition and such that 

3 /(-B(a; fc ,(5)) > k . 

We shall also need a version of Lemma 16.31 valid uniformly on small time intervals when / is a 
solution to the Landau equation CH). 

Lemma 6.4. Let 7 £ (—2,0) and q > q( 7 ). Let fo £ ^(R 3 ) satisfy also H(f 0 ) < 00 and 
m q (f 0 ) < 00 . LetT > 0, p £ (pi('j),P 2 (l,q)), and f £ L“ c ([0, 00 ), P 2 (R 3 )) n L} oc ([0, 00 ), L P (R 3 )) 
the solution of ED given by Theorem 1 1 1. ,91 There exist four constants Sq £ (0,1), Rq > 0, kq > 0 
and To > 0 such that for any t £ [0, T], we can find three points x\,x 2 ,x 3 in B(0,Rq) satisfying 
the ( 4So)-non alignment condition and such that 

setv+rol > *>■ 

We now prove all these lemmas. 


Proof of Lemma \6.2\ We fix (xi,X 2 ,x 3 ) £ B(0,R ) 3 satisfying the (5-non alignment condition, we 
fix v £ R 3 and £ £ R 3 such that |£| = 1, and we divide the proof in two steps. 


Step 1. A geometric claim. We introduce the cone C centered at v, with axis £ and angle 
arcsin[<5/(2 + R + |u|)] that can also be defined by 


C = < u* £ 


|pgr(i; - 17 )1 

\v — ttJ 


< 


2 + R + \v\ 


We claim that the cone C can not intersect the three balls Bff := B(x k , 28). 

We thus assume that C intersects the balls Bf s and B 2 S and show it does not intersect B 3 S . 
We first check that £ and £0 := (X 2 — xf)/\x 2 — aq| are almost aligned, in the sense that 


( 6 . 2 ) 


bci-(£o)|<V^ and b 4 v(£)| < v^. 


We may find w\,w 2 £ C such that \w\ — xf\ < 2 8 and \w 2 — x 2 \ < 28. This implies that 
|wj| < R+28 < R+2fori = 1, 2 and, starting from x 2 —x 3 = (x 2 —w 2 )+(w 2 —v)+(v — wi)+(wi~ 27 ), 

\P£±{X2 ~ aq)| <28 + \p^±(v - w 2 )\ + |p^J-(n - wi)| + 28, 

8 


<4<5 + 


2 + R+\v\ 


(b - w 2 \ + \v - wi|) < 6 8 . 
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We conclude that |P£-l(£o)| < 65/\x2 — Xi\ < V5 thanks to the first assumption in (ED - Since 
finally £o and £ are unit vectors, |p£-l(£o)| < V5 means that |£‘£o | 2 > 1 — <5, whence |p£±(£)| < VS. 

Next, for any w £ C\{u}, we show that there is a point w* on the line (v,w) (whence w* £ C) 
that is very close to x\, in the sense that \w* — x\\ < 65. Let thus 


w* = v + X*(w — v) with A* = 


(wi — v)-£ 


(w — v) ■ £ 

which satisfies w* ■ £ = w\ ■ £, whence \w± — w*| = — u>*)|. Then 

\w\ — w *| < |p£j_(u>i — i;)| + \p£±{v — w*)| 

(|u>i — u| + |w;* — u|) 

(2|rci - v| + \w* - u>i|). 


< 


< 


2 + R + \v\ 
5 


2 + R + \v\ 

We conclude that (recall that 5 £ (0,1), that R > 1 and that |wi| < R + 2) 

, * , . 2\w\ - d|( 5 ^ , r 


whence \w* — x x \ < 6 <5 as desired. 

This allows us to conclude that C is included in a narrow cone centered at x\ and directed by 
£o- More precisely, for any w £ C, 


(6.3) (w — x \)| < 18 5 + 2\f5 \ w — Xi\. 

Indeed, consider w* as previously, use that x = p^± (:e) + (:e-£)£ for all x (because £ is unitary), recall 
(16.211 and also that w —w* = (1 — \*){w— v) whence, since w belongs to C, |p£i(w) —w*)!/^ —w*| < 
5/(2 + R + |v|), to write 

\ p^( w ~ 2:1 )I = -£i)+PfJ-(w-w*)| 

<6(5+ \p£±(p£±(w - w*)) | + \(w - w*) ■ ^||p ? j-( 0 | 

< 68+ 2 + r + \w-w*\+V6\w-w*\ 

< 6 5 + 2 Vs \w — w*|. 


Recalling that \w — w*\ < \w — x x \ + \x x — w*\ < \w — x x \ + 6(5, the conclusion follows. 

Assume finally that there is W 3 £ B% s D C. Then, using (16.31) with w = w 3 , one finds that 

|p^x(x 3 — xi)| < |pjJ-(w 3 — Xi)| + 2(5 < 20(5 + 2\/5 \w 3 — xi| < 24(5 + 2 VS |*3 — x x \. 

But £0 = (x 2 — x x )/\x 2 — x x \ so that = P( a , 2 _ Xl )u: this contradicts (16.11) . 

Step 2. Conclusion. We choose k £ {1,2,3} such that C does not intersect B/f and we write, 
recalling that a(f,v) = f R3 a(v — 1 \)f(dv*) and the expression of a, 


Ca(f,v)£= f 
J R3 


\v — V * 


17+2/ 


1 - 


((v-vV-O 2 


\v - U* 


f{dv*) = f 
J R3 


.•y+ak- 1 -(«-«*)| ^ 

J—j-i Y^-fidv*). 

\v — u*r 
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Since now C does not intersect B(xk,S) C B'ff. we find that 

2 „ 


Ca(/»£ > 


> 


2 + R+\v\ 

S 

2 + R+\v\ 


\v — 


7+2 


' B(x k ,8) 


f(dv *), 


f(B(xk, 6)) inf \v-v* 

v,eB(x k ,8) 


17+2 


7+2 


Since moreover v B 2 ° (because v G C), one easily bounds the infimum by 

inf \v - w *| 7+2 > max{ \v\-R- 1, <5 } 7+2 > ( ^44^4 
v,eB(x k , 8 ) y R + 3 J 

The last inequality is easily checked separating the cases |v| < R + 2 and |u| > R + 2. Finally, we 
have checked that 

7+2 


£*«(/, * (2 + R+\v \) 2 ( ( 1 4+r ) 7 f{B{Xk ' 5)) - K(1 + \ v \)V( B M) 

with k := [S/(R + 3)] 4+7 . This concludes the proof. 


□ 


Proof of Lemma 1 6 . ,91 Let thus / € V(M. 3 ) with rri 2 {f) < So, H(f) < Hq and let i G N*. We set 
R := 1 + \J2£q and observe that f(B(0,R)) > 1 — m 2 (/)/i ? 2 > 1/2. 

By Lemma IC.lK n). there is a universal constant C > 0 such that for any Borelian AcR 3 (here 
| • | stands for the Lebesgue measure) 

|A| < exp(—4(C + Hq + So)) implies f(A) < 1/4. 

We now fix 


... f exp(-4(C + H 0 +£o)) 

/exp(—4(C + H 0 + S 0 )) \ 2 / 3 'i 

mm l 2irR£ 2 (24 + 4R ) 2 ’ 

V 1000£ 3 / 2 ) J 


For any couple of points yi,y 2 in B(0,R), we introduce the zone 

A/ 1 , 3/2 := {y G s(0, R) : \p {y2 _ yi) ±(y-y 1 )\<24:l6 + 2Vl5\y-y 1 \}. 

Using the rough upperbound \y — yi\ < 2 R, we see that D yitV2 is included in a truncated cylinder 
with length 2 R and radius 24 £5 + 4R\fl5, so that \D yitV2 \ < 2nR(24£8 + 4 Ry/JS ) 2 < 2irR(, 2 {24 + 
4 R) 2 S. By definition of <5, we deduce that \D VltV2 \ < exp(—4(C + H 0 + So)), whence f(D yltV2 ) < 
1/4. Similarly, for any x G K 3 , | B(x,6y/l5)\ < 1000£ 3 / 2 <5 3 / 2 < exp(—4(C + H 0 + So)), so that 
f{B(x, 6 y/l 8 )) < 1/4. 

Since we can cover B( 0, R) with (10 RS -1 ) 3 balls of radius S (and centered in B{ 0, R)) and since 
f(B(0,R)) > 1/2, we can find x\ G B(0,R) such that 

But we know that f(B(xi,6y/£S)) < 1/4, so that f(B(0,R) \ B(xi,6y/i5)) > 1/4. Of course, 
B( 0, R)\B(xi, 6\/£5) can also be covered by (10i?<5 -1 ) 3 balls of radius S (and centered in B{ 0, R)\ 
B{xi, 6 '/FS)). We deduce that there is X 2 G B( 0, R) \ B(xi,6\/l5) such that 



f(B(x 2 ,8)) > j 


3 
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We obviously have \x\ — x 2 \ > 6 \[T 8 . We finally recall that f(D xljX2 ) < 1/4, whence f(B(0,R) \ 
D x1jX2 ) > 1/4. We thus we can find, as usual, x 3 £ B(0,R) \ D x1jX2 such that 

By definition of D x 1>X2 , and since \x\ — x 2 \ > 6 VTS, the triplet ( 27 , £ 2 , £ 3 ) satisfies the (£<5)-non 
alignment condition. This completes the proof, with k := (<5/(107?)) 3 /4. □ 


Proof of Lemma Recalling that H(f t ) < H(f 0 ) and m 2 (f t ) = m 2 (f 0 ) for all t > 0, we can 
apply Lemma T6.31 with £ = 8, with the same constants for all times: there are 8 £ (0,1), Rq > 1 
and k > 0 such that for all t £ [0,T], there are three points (x\,x\,x 3 ) in B(0,R o ) satisfying the 
(8<5)-non alignment condition and such that f t (B(x t k , 8 )) > n for k = 1,2,3. 


Next, we choose a smooth function h : R 3 1 —> [0,1] such that l{| x |<i} < h < l{|a;|< 2 }- For 
k = 1, 2, 3, we define, for 0 < t < s, 

wl( s ) '■= h ( j § Xk ^ fs(dv). 

By construction, we have w\{t) > f t {B{x t kl 8 )) > n. Using the weak formulation (11.51) and the 
bound (11.41) with the smooth function ip = h(^S~ 1 { - — x \)), we get (recall that p £ (^ 1 ( 7 ),£> 2 ( 7 , ?)) 
is fixed and consider p' £ (pi(7),p)), for 0 < t < s < T + 1, 

\wl(s) - wl(t)\ <Cs [ [ [ (|n - u*| 7+1 + |u - u*| 1 +2 )f u {dv)f u (dv i ,)du 
Jt Jr 3 J r 3 

<Cs [ [ [ (1 + \v\ 2 + |u*| 2 + \v - v*\' y )f u {dv)f u (dv*)du 

Jt Jr 3 Jr 3 

<Cs ^ (l + m 2 (fu) + ||/u|| LP ') du. 

The last inequality uses (CH. Since f u is a probability density function and since p > p ', we have 
||/«|Ilp' < WUWIp with a = \p(p' — l)\/[p'{jp — 1)] e (0,1). Using the Holder inequality and that 
1 + 77i 2 (/u) + Wfuhr £ U 1 ([0,T + 1]), we deduce that, still for 0 < t < s < T + 1, 

Ko) - ^fe(*)| < c s,H s - 


From this and since w\{t) > k for allt £ [0,T], it is clear that there exists r 0 such that, setting 
k 0 = k/2, 


Vfe[0,T], Vs £ [t,t + To], wl(s)>n 0 . 
The bound is valid for k = 1, 2,3. By definition of w k , this implies that 

inf inf inf f s (B(xJL,26)) > kq. 

te[o,T] se[t,t+T 0 ] fc=i,2,3 v v k 


Setting 5q = 26 ends the proof: since 86 = 45o, the points x\ satisfy the (4<5o)-non alignment 
condition. □ 


7. Chaos without rate 

The aim of this section is to prove Theorem 11.81 When applying the methods of [15] . the main 
difficulty is that the matrix a is not uniformly elliptic. Ellipticity is important, since it provides 
the regularity that allows us to show that the singularity of the coefficients is not too much visited. 
In the particle system & there is a lack of diffusion in some directions when the particles are 
almost aligned. We thus will proceed as follows. We will first introduce a perturbed particle 
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system, by adding some diffusion when particles are in a bad (almost aligned) configuration. We 
then will prove propagation of chaos for this perturbed system. Finally, we will show that the 
artificial noise is used only with a very small probability (as N —> oo). 

In the rest of that section, we consider 7 £ (—2,0) and fo £ ^(R 3 ) satisfying H(f 0 ) < 00 
and m 9 (/o) < 00 for some q > 9 ( 7 ). We consider the unique solution / £ Lf£ c ([ 0, 00), ^(R 3 )) D 
L i 1 oc ([0, °o), L P (R 3 )) for all p £ (pi( 7 ),P 2 ( 7 , q)) to (11.11) given by Theorem 11.31 We recall that it 
satisfies H(f t ) < H(f 0 ) < 00 and W 2 (/t) = ni 2 (fo) < 00. We also fix an arbitrary final time T. We 
finally consider, for each N > 2, an exchangeable initial condition (12^(0),..., Vj^(0)) satisfying 
the set of conditions ( 11 . 111 ) . 


7.1. Definition of a perturbed system. We first introduce a few notation. 

Notation 7.1. (i) Recall the constants Rq > 0, <5o > 0, kq > 0 and tq > 0 introduced in 
Lemma \6.4\ We also denote by no = \T/to\, so that 

n 0 

[0, T] C |J U t 0j (l + l) r oJ • 

1=0 

Lemma \6-4\ implies that for each l = 0, ...,n, we can find three points x\,x 2 ,x 3 in B(0 ,Rq) 
satisfying the (46o)-non alignment condition (16.11) and such that 


(7.1) 


inf inf inf ft{B(x l k , 5 0 )) > k 0 . 

Z=0,...,no £E[Zto,(Z+1)to] k— 1,2,3 


(ii) Let h : R 3 i —> [0,1] and \ ■ [0,oo) K > [0,1] be smooth and satisfy !{|„|<u < h[v) < I{| w |< 2 } 
and I/ r < 1 } < x(r) < l{r< 2 }- For 1 = 0,..., n 0 and g £ P(R 3 ), we put 

°i(9)-=J2 X (~ [ h (~ 

z ' V Kn ./ini3 V 


k=1 


2S 0 


) e [0,3]. 


We also shorten the notation of the coefficients of the particle system. 
Notation 7.2. For v N = (v},... ,v$) £ (R 3 )^, we introduce 


b?{v N )=b(^^T5 v N-k(l) VN ,v^ and of (v N ) = ^S v n 
1 1 

and afi(v N ) = (a( v (u Ar )) 1 / 2 . For 1 = 1,..., no, we set 


r N 

c i 


1 N 

( vJV ) = c *(^E 


We will use the following properties. 

Proposition 7.3. Let 7 £ (—2,0). Let g £ P(R 3 ), v N = (v\,...,vi v) £ (R 3 )^, and l £ 
{0,... ,n 0 }. 

(i) We have cfig) = 0 if inf fc= i , 2 ,3 g(B(x[, 26 0 )) > «o/2. 

(ii) We have cfig) > 1 as soon as 2,3 g(B(x l k , 46q)) < «o/4. 

(Hi) There is a constant C > 0 such that 

|V„ iC f (v N )\ < 


NkqSo 
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(iv) There is k i > 0 such that for all £ G R 3 , 

?a?(v N )t + \^\W(v N ) > «i(i + me. 

(v) Ci(ft) = 0 for all t G [It 0 , (l + l)r 0 ]. 

(vi) There is a constant C > 0 such that for all 51,52 G ^(R 3 ), 


C C 

\ci(gi) - Q (<72 )| < — 7-^1(51,52) < — 7-^2(51,52). 
K 0 O0 «000 

We need the following easy remark. 

Lemma 7.4. For all 8 > 0, there is c$ > 0 such that for all iGl 3 , all g G 


, all g G (0,1), 


(fj,*<t>ri){B(x, 6 )) > csp(B(x, 8 )). 


Proof. It of course suffices to treat the case where x = 0. Let thus 8 > 0 be fixed. For z G B{ 0, 8 ), 
we introduce C z := {u G B(0,8/2) : u ■ z < — |tt||z|/2}. Clearly, the Lebesgue measure ps of 
C z does not depend on 2 and is positive. We next claim that for any u G C z and 77 G (0,1), 
\z + r)u\ < 8 . Indeed, this is obvious \i\z\ < 8/2, while one easily checks that \z + rju \ 2 < \z \ 2 < S 2 
when \z\ G [8/2,8). Consequently, 


(p*<t> v )(B(0,8)) = 


47T 


f R3 


p(dz) 


> B ( 0,1) 


dul{\ z+vu \ <S } > ^ 


B(0,S) 


K dz ) J c du > -^-t l (B{0,8)) 


as desired. 


□ 


Proof of Proposition \ 7. .3[ Point (i) is immediate: for example, g(B(x l k ,28o)) > kq/2 implies that 
(4/«o) Jrs h((v-x[)/ (2 8 0 ))g(dv) > 2, whence x((4//c 0 ) / r3 h((v-x‘ k )/(28 0 ))g(dv)) = 0. Point (ii) is 
also obvious: if there is k such that g(B(x l k ,48o)) < ko/ 4, then (4 /ko) / r 3 h((v — x l k )/(28o))g{dv) < 
1, so that x((4/«o) L 3 h((v — x l k ) / (28o))g(dv)) = 1. Point (iii) follows from the fact that h and x 
are smooth (with bounded derivatives), since 


= E 

k=l 



We next check (iv), recalling that a^(v N ) = a(p N *^ VN ,Vi) and c^(v N ) = ci(g N ), with g N = 
N~^K- Assume first that inffc =1)2i 3 p N (B(x l k , 4<5 0 )) > k 0 /4. Then by Lemma [7~T1 we have 
inffc = 1 > 2 , 3 (/i Ar * (j) rtN ){B(x L k , 45 0 )) > cs 0 n o/4. Since now the triplet (x[,x 2 ,x l 3 ) satisfy the (4<5 0 )-non 
alignment condition, we can apply Lemma 16.21 and obtain 




(v")Z> K (l + \vi\m\ inf > 

k,—1,2,6 


N 


,)( J B(4,4<5o))>^|^(l + hine| 5 


Assume next that inf/ c= i 2l 3 p N (B[x l k , 4<5 0 )) < kq/ 4. Then cf(v N ) > 1 by point (ii), so that 


iei 2 cf(^)>i^ 2 >(i+Kinci 2 


since 7 < 0. We conclude with the choice K\ := (kcs 0 kq/A) A 1 . Point (v) is a direct consequence 
of (17. II) and of point (i). Finally, to prove point (vi), we consider 51,52 G P(R 3 ) and R G 11(51,52) 
such that / R 3 xR 3 \v\ — V 2 \R(dv\,dv 2 ) = Wi(gi, 52). Then we write, using that x and h are globally 
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Lipschitz-continuous and bounded, 
\ci(gi) - ci(g 2 )| = 


x(±[ 

\ K o J R 3 \ 2 o 0 


a ' {dv) )- x i}„L h ^) 9Aiv) 


<- 


<- 


Tt 0 

C_ 

K 0 

c 


J 


v — x 


/ h I h \ 

/R3 V M 0 J JR3 V M 0 


g 2 {dz 


/R3 X R3 . 




K 0^0 J R3 X R3 

from which the conclusion follows. 


2S 0 J V 2<5 0 
|«i - v 2 \R(dvi,dv 2 ), 


R(dv\,dv 2 ) 


□ 


We now introduce our perturbed particle system U N = (U^,.. .U$), defined on the time 
interval [0, T], as the solution to 

(7.2) U?{t) =Vf (0) + r (Wf )ds + f a?(U?)dB\s) 

Jo Jo 

+ / t cf s/roJ (wf)dw 4 ( S )+ r C f s/ToJ (wf)v, iC f s/roJ (wf)d S , 

Jo Jo 

for all i = 1 Here ((W,(t)) te[ oy]), = i,.. is an independent family of 3 D standard Brownian 

motions independent of (V/ v (0), (Bi(t)) te [o,T])i=i,...,N- 


Proposition 7.5. Recall that 7 G (—2,0), that t)n G (0,1) is fixed and that (V/ v (0))j = i i ... i jv is 
exchangeable. There is strong existence and uniqueness for (17.21) . Furthermore, */E[|V( v (0)| r ] < 00 
for some r > 2 , then 


sup sup E 

N>2 [0.T] 


Km 


< Ct.i 


for some constant CV> not depending on N. 


Proof. The strong existence and uniqueness is clear, since all the coefficients are locally Lipscliitz 
continuous and have at most linear growth: this has already been seen in the proof of Proposition 
11.51 for bf and a^, and cj^ To j and c u/ To j are obviously bounded and smooth in x 

(recall that here, N is fixed). Concerning the moment estimates, it suffices to handle the same 
proof as that of Proposition 14.11 The additional terms cause no difficulty (and are much easier to 
treat) because <^ s / To ^ is uniformly bounded (by 3) and ''Ui c u/ ro j un if°rmly bounded (by 

3C/(Nko5q) < C) thanks to Proposition 17. 31 ini'). □ 


We will first study propagation of chaos for the perturbed particle system. We thus introduce 
the corresponding nonlinear process {U(t)) t& [ 0 ,T] > solution to 

cr{g s ,U(s))dB(s) + f c Ls/roJ (g s )dW(s), 

Jo 

where V(0) is /o-distributed, independent of the (independent) 3D-Brownian motions (#(t))te[o,T] 
and (W(t))te[o,T] ) and where g t G V( R 3 ) is the law of U{t). Observe that for (U(t)) te [ 0 ,t] a solution 
to (17.31) . its family (gt)te[o,T] of time marginals is a weak solution to 

dtgt(v) = id iv v (a{g t ,v)Vg t (v) - b(g t , v)g t (v) + c^ / toJ {g t )Vg t (vj). 


(7.3) U(t) = V(0) + 


r P 

b(g s ,lA{s))ds + \ 


(7.4) 
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Proposition 7.6. Recall that 7 £ (—2,0) and that f 0 £ ^(R 3 ) satisfies H(f 0 ) < 00 and m q (f 0 ) < 
00 for some q > q("f). 

(i) There exists a unique weak solution (gt)te[o,T] to (17.411 such that go = fo and such that 
{9t)te[o,r] S £°°([ 0 ,T],P 2 (R 3 )) ni 1 ([0,T],L p (R 3 )) for some p £ (pi(j),P2('Y, <?))• Furthermore, it 
holds that (gt)te [0 t] = (/t)te [0 t]- where (ft)t> 0 the unique weak solution to the Landau equation 
(ED built in Theorem Q 

(ii) There is a pathwise unique continuous adapted solution (U(t))te[o,T] to (17.31) such that, set¬ 
ting g t = C{U {t)), ( gt)te[ 0 ,T ] £ i oo ([0,r],P 2 (R 3 ))nL 1 ([0,r],L p (K 3 ))/orsomep £ ( Pi('y),P 2 ('y,q ))• 
Furthermore, (fft) te [o,T] = (/t)te[o,T] ■ 

7m) Finally (U(t))*^in t’i eauals . the uniaue solution to (11.101) (see Theorem, [13- 

Proof. Consider the unique solution (V(t)) t >o to the nonlinear SDE (11.101) . the unique weak solu¬ 
tion / £ L“ c ([ 0 ,oo), 7 : ’ 2 (R 3 )) D Lj oc ([0, 00 ), L P (M 3 )) to (11.11) . and recall that f t = C(V(t)). Then 
we know from Proposition I7.31 (v) that cp/ ro j(/ t ) = 0 for all t. £ [0, T]. Consequently, (V(t))t>o 
also solves (17.31) and (/t)te[o,T] also solves (17.41) (compare with (11.31) 1. Next we claim that once 
the uniqueness of the weak solution to (17.41) is established, the pathwise uniqueness of the solution 
{U(t)) t £[o,T\ to (17.31) can be checked exactly as in the proof of Theorem 11.71 We thus only have to 
prove the uniqueness part in point (i). 

Let thus p £ (pi('y),P 2 (l,q)) be fixed, and consider two solutions (gt)t&[o,T]i (*t)te[o,T] to CE), 
both lying in L^ c ([0, 00 ), ^(R 3 )) D L) oc ([ 0, 00 ), L P (R 3 )). Exactly as in the proof of Theorem 11.41 
Steps 1-2, we can build, for each e > 0, two processes (Z(f)) tg [ 0T ] and (V £ (t)) tg [ 0 j T] with respective 
families of time marginals (gt)te[o,T] and (fct)tg[o,T]i solving 

Z{t) =V(0) + / b(g Sl Z(s))ds + I <r(g s , Z(s))dB(s) + f c L s/toJ (g s )d\V(s), 

Jo Jo Jo 

v e (i) =V(0) + / b(k s , V e (s))ds + [ a(k s ,V e (s))U(a(g e s ,Z(s)),a(k e s ,V e (s)))dB s 

Jo Jo 

+ [ c L«/toJ (ks)dW(s). 

Jo 

We can then reproduce exactly the same computations as in Theorem ll.41 Steps 3-4-5 to prove 
uniqueness in the class L“ c ([0, 00 ), P 2 (R 3 )) D T 3 OC ([0, 00 ), L P (R 3 )) (some strong/weak stability es¬ 
timates could also be checked here). When computing (d / dt)E[\Z (t) — V e (t) | 2 ], there is the addi¬ 
tional term 3(cp/ To j (gt) — c p/r 0 J (&i)) 2 ■ But this is controlled, using Proposition l7.3l by CW^igt, h) 
which is itself bounded by CE[\Z(t) — V e (t)| 2 ]. This term thus causes no difficulty. □ 


7.2. Regularity estimate for the perturbed particle system. We now need to introduce the 
entropy and weighted Fisher information. These functionals are studied in details in the appendix. 

Notation 7.7. For V jV a random variable with law F £ V((M. 3 ) N ) with a density, we define 


H(V ) = H(F) := — 


F(v n ) log(E(ib v )) dv 


N\ 


..N 


A(V W ) = I-y(F) := 


|v^K )l 2 

F(v N ) 


N 


, (R 3 ) J ' 


■ dv 


N 
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where the differential operator V 7 is the weighted gradient 

V 7 F := ((1 + M 2 )lV Vl F ,..., (1 + |ujv| 2 )^ V„ b f) . 

If F has no density, we simply state H(V N ) = H(F) = oo and I-y(V N ) = Ij(F) = oo. 


The following lemma uses strongly the perturbation. 

Proposition 7.8. For each N > 2, we consider the solution ... Mn (t))te[o,T\ t° <17.211 . 

For each t £ [0, T], we denote by Gf the law ofU N {t ) = (Uf (t),... ,U^(fj). Recall that by (11.111) . 
sup A r >2 H(Gq) < oo and sup JV>2 E[|W^ v (0)| 9 ] < oo for some q > q( 7 ). It holds that 

f T 

sup sup H{G^) < 00 and sup / I^(G^)dt < 00 . 
iV>2 te[o,T] n> 2 Jo 


Proof. The first step is to derive the Master (or Kolmogorov) equation for the time marginals 
. Applying the Ito formula to compute the expectation of we deduce that for all 


f <p{v")G?(dv") = f p(v N )G»(dv N ) 

J{ R3) w J( R3) N 

Y VvMv N ) ■ [b?{v N ) + cf s/ToJ (v Ar )V„ i c^ / j (n iV )]Gf ( dv N )ds 

R3)JV ^ 

1 pt p N 3 

+ 9/ / E Y d Vi^iM vN ){i a i ( vN ))ki + ( c Is/to]( vN )) 26 m) G s {dv N )ds. 

2 Jo J(m.3)N tr 1 rrf, v 7 


to J (K?) N j =1 i^ i—i 

Recall now that bk = Yi =1 di a ik- Hence, we see that G N is a weak solution to 
1 N 3 

d t G?(v N ) =^Y Y d ’°tk[{( a ?( vN )hi + ( c Lt/r 0 j(« JV )) 2(S fei)}5t, il Gf(u JV )] 


i=1 /c,Z—1 
TV 3 


"*EX>* [(6f(^)) fe Gf(^)], 


2=1 /c=l 


or equivalently 


1 N 1 * 

= - £ div„ t [{af + (c^ ToJ ) 2 /}V„ i Gf ] - - Y div ^ IE E ] • 


2=1 

We thus have, performing some integrations by parts, 
(1 + logGf (v N ))d t G? (v N )dv N 

r 

N „ 


2=1 


^M G t) =1 

at iv ,/(i3\jv 


1 


on Y / lo S G f • E CO + (4/roi^ N )) 2 I V U1 logG^ (v n )G?( dv N ) 

Y [ di vb?(v N )G?(dv N ). 

i=1 7 (R 3 ) W ‘ 


1 

21V 
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We next use Proposition l7.3H iv') for the diffusion term and, for the drift term, that div 6 (u) = 
— ( 6 + 27 )|u| 7 , whence — div(&*^ r;w )(i;) = ( 6 + 27 ) f R3 \v—z ] 1 (j> VN ( z)dz < C |u| 7 , and exchangeability. 
We find that 


7 N 

2=1 ‘ 


(l + |u t |) 7 |V„Gf K)l 2 

on v") 


-dv 


N 


c 


'(R3) f 


K - u 2 | 7 Gf (dv N ) 


< —2 7 / 2 _ 1 K 1 / 7 (Gf r ) + GEf \Ui {t) — U 2 (t )I 


We used that (1 + x) 7 > 2 7 / 2 (l + a: 2 ) 7 / 2 . Denote by G ^ 2 the law of (Ui (t),U^(t)). We use 
Lemma IU~4l with k = — 7 . Since q > q( 7 ) = 7 2 /( 2 + 7 ), we have a := max{ 2 , q} > | 7 | max{l, k/(2 — 
k)}, whence, with r := a/{a — 7 ), 

jH{G?) < - 2 7 / 2 - 1 Kl J 7 (Gf) + G 7i? ( 1 + J 7 (G^ 2 ) r (l + m Q (G^) 1 - r )) 

< - 2 7 / 2 - 1 « 1 J 7 (Gf) + G Ti7i? (1 + / 7 (Gf)*■). 


We finally used the moment bound proved in Proposition 17.51 (and the moment assumption in 
( 11 . 111 ) ') and Lemma ICYl (41. from which / 7 (G( V 2 ) < I-y{G^). Since r S (0,1), we easily conclude, 
using the Young inequality, that 

j t H(G ?) < - 2 7 / 2-2 k 1 / 7 (G( v ) + G T , 7 , g . 

Integrating this inequality and using again (11.111) . we get, for any t £ [0, T], 

H(Gf) + ^ J* / 7 (Gf )ds < H(F 0 n ) + G t , 7i? t < Cr„, q . 

We immediately deduce that H(F^) is bounded uniformly in N and t £ [0,T]. Finally, it follows 
from the fact that sup 7V>2 sup [ 0 T i E[|G( v (t)| 2 ] < 00 (by (11.111) and Proposition l7.5l) and Lemma lCdl 

(i) that infAr >2 H(Fjf) > — 00 . Consequently, I 1 (Ff i )ds is also uniformly bounded. This 
completes the proof. □ 


7.3. Some more estimates. We will of course need, in several steps, to control the singularity 
of b. Also, to verify that the limit points of the empirical measure of the particle system belong, in 
some sense, to L°°([0, T], ^(E 3 )), we will need to control E[supj 0 T ] ^^(s)! 2 ], with the supremum 
inside the expectation. All this is more or less obvious when 76 (—1,0), but requires a little work 
when 7 £ (— 2 , — 1 ], based on the regularity estimate checked in the previous subsection. 

Lemma 7.9. For each N > 2, we consider the solution (U^(t),... Mn ^))t&V),T} t° (17.21) . Recall 
that by (11.111) . sup iv> 2 E[|G( v (0)| 9 ] < 00 for some q > q( 7 ). R holds that 

(i) sup JV > 2 E[sup te[0iT] |Gf(s)| 2 ] < 00 ; 

(ii) sup 7V > 2 / Q T E[|G 1 Ar (s) — U 2 (s)| 7 ]ds < 00. 

Here we prove point (i) using point (ii), but it seems that a refinement of the proof of Proposition 
14.11 could also work. 

Proof. We put a = 2 V q and recall that sup iv>2 sup te [ 0 T i E[|G( v (s)|“] < 00 by Proposition 17.51 
We first prove (ii). Denote by G ^ 2 the two-marginal of G^, which is the law of (G( v (s),G ; ( v (s)). 
Observe that a > |y| max{l, | 7|/(2 + 7 )} (because a > 2 and a > q > q("f) = 7 2 /(2 + 7 )). By 
Lemma IC~4l we know that, with r = a/(a — 7 ), E[|G( v (s) — G^ v (s)| 7 ] < C Kj „( 1 + (/ 7 (G^ 2 )) r (l + 
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m a (G^ 2 )) 1_r ) < 1 + / 7 (G^ 2 )) because r e (0,1) and m a (G^ 2 ) = ^[|^i V ( s )| a ] is controlled 

uniformly in TV > 2 and s € [0,T]. Finally, we know from Lemma 1C.21 fil that J 7 (G^ 2 ) < / 7 (G^), 
whence E[|Gf r (s) — ld^(s)\' 1 ] < G KjQ ( 1 + (7 7 (G^)). Integrating in time and using Proposition [TTH] 
completes the proof of (ii). 

To prove (i), we start from sup[ 0 T ] \Ui (t)\ 2 < G[|Gf r (0)| 2 + I N + J N + K N + L N ], where 


I N := sup ( I ill N (s))ds) , 

[ 0 ,T] V Jo 7 

J N := sup ( f (U N (s))dBi(s)\ 

[o,T] v Jo 7 

K N := sup ( f tf s/Tol (U N (s))dm(s)) 2 
[0,T] V JO 7 

su p ( 

fo,n v Jo ' 


l n => 

[0,T] 

First, supjy E[|Gf r (0)| 2 ] < oo by assumption (11.111) and EfA'^ + L^] is uniformly bounded because 
cf and V„ 1 c/ v are uniformly bounded, see Proposition 17.31 By Doob’s inequality, 


T ~ l N 


E[J N }<C I E[\\aF(U N (s))\\ 2 }ds<C I E[-^||(a*^(Z/ 1 JV -Wf( a 


ds. 


j'=i 


Using exchangeability and that ||(a*0 w )(u)|| < G(1 + |u| 7+2 ) < G(1 + |u| 2 ), 

E^] <C f E[1 + | U? (s) -U? {s)\ 2 ]ds < C [ E[1 + |Zdf(s)| 2 ]ds, 

J o Jo 

which is also uniformly bounded. Finally, Holder’s inequality, exchangeability, and the inequality 
|(&*0 7 ?JV )(i;)| < G(1 + |v| 7+1 ) lead us to 

E[I N ] < C T [ T E[\(b*<t> m )(UF(s)-Ui r (s))\ 2 }d8 < C T f T E[l + \U?(s)-U?(s)\^ +2 }ds. 

Jo Jo 

If 7 G [-l,0),weboundE[|G 1 Ar (s)-G 2 Ar (s)| 27 + 2 ]byGU[l+|G 1 Ar (s)| 2 +|G 2 Ar (s)| 2 ] < G(l+E[|G 1 Ar (s)| 2 ]) 
and immediately deduce that E[/ w ] is uniformly bounded. If now 7 € (—2, —1), then it holds true 
that 7 < 27+2 < 0, so that also we conclude, using point (ii), that E [I N ] is uniformly bounded. □ 

7.4. Tightness for the perturbed particle system. We can now prove the tightness of our 
perturbed particle system. 

Proposition 7.10. We still assume mm and consider, for each N > 2, the unique solution 
(U™(t),... ,U%(t)) te [ 0 ,T] to (17.21) . We also set 

1 N 

2 = 1 


(i) The family {£((7/( v (t))t g [o i T]), N > 2} is tight in V(C([0,T\, 

(ii) The family (C(Q N ), N > 2} is tight in x G([0,T], 
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Proof. As is well-known, point (ii) is implied by point (i) and the exchangeability of the system, 
see Sznitman [M] I-Proposition 2.2]. To prove point (i), we use the shortened notation fef (s) = 
(&O, erf (s) = o-f (Wf) and c N (s) = cj^ /roJ (Wf) and we write 

Wf(t) = Vf( 0 ) + f bf(s)ds+ f trf(s)dBi(s) + f c N (s)dWi(s) + ( c N (s)\' Vl c N (s)ds 

J 0 ./0 -'O 

= Vf( 0 )+ /^(f) + J^t) + A' w (f) + ^(t) 


and prove separately that each term is tight. 

First, {Vf (0 )}at > 2 is tight by (|l.ll| )-fiii). Next, {(K N f ))te[o,T]}iv >2 and {(A iv (i))te[o,T]}Ar >2 
are obviously tight (use the Kolmogorov criteria for K N ), because c N and S7 Vl c N (s) are uniformly 
bounded, see Proposition 17. 3l (iii). 

To prove that {(d Ar (t)) t€ [o ! T]}Y >2 is tight, we use the Kolmogorov criterion, see e.g. Stroock- 
Varadhan J35J Corollary 2.1.4]: it suffices to show that there are some constants p > 0, /3 > 1 and 
C such that for all N > 2, all 0 < s < t < T, 

E[| J N (t) - J N (s)\ p ] < C\t - af. 


We consider p = 4/(2 + 7 ) >2. By the Burkholder-Davis-Gundy inequality and since [erf (s )] 2 = 
af (s), we have, for 0 < s < t < T, 


E[|J^(t)- J N (s)\ p ] <CE / ||af (u)||du) 


\ P/2 


< c ®\( f jf E II W w )«(«) - U?(u))\\du 


v ! 2-1 


Recalling next that ||(a*</ 7 )JV )(u)|| < C( 1 + |f| 7+2 ) and using the Holder inequality, 


E 


J N (s)\ P ] <C(t - sY' 2 - 1 | 2+7 ) 

Js L JV j¥1 


p/2 


du 


<C{t - s) p/2 sup E 

[0,T] 




1 


since p/2 > 1 and (2 + y)p/2 = 2. Using finally exchangeability and the moment bound proved 
in Lemma [7751 (together with (ll.llD h we deduce that E[| J N (t) — d rJV (s)| p ] < C p (t — s ) p / 2 . Since 
p/2 > 1, we conclude the tightness of {(J N (t)) t >o}N>2- 

The remaining term I N (t) is the more difficult, since it is singular (when 7 e (-2,-1)). For 
some p > 1 to be chosen later, we write 


\l N (t) — / Ar (s)| = / bi(s)ds 

J S 

Thus with a = 1 — 1/p > 0, 

\l N (t) — I N (s) 


<( t-s ) 1_1/P (/ 


\ i/p 


sup 

0 <s<t<T \t — S\‘ 


~Uo 


1/p 
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Taking expectations and using the Holder inequality, we get 


E 


sup 

.0 <s<t<T 


I N {t)-I N {s) 

\t~s\ a 


< 


T \ 1/P 

®[(6f(s)) P ] ds) . 


Using the expression of b^(s) = N 1 ^. =2 (b * 4> VN )(U^(s) — U^(s)), the Holder inequality and 
exchangeability, we find 


E 


sup 
0 <s<t<T 


\i N {t) - i N (s 


\t- s|' 


<C E 

Jo 


l+\U?(s)-U?(s) 


iV / I (0' + 1 )?' 


ds. 


If 7 € (—1, 0), we choose p = 2/(1 + 7 ). By the boundedness of the moment of order two obtained 
in Proposition 17.51 we get, with a = {1 — y)/2, 


E 


sup 

.0 <s<t<T 


I N (t) - I N {s) 
\t-s\° 


< C. 


If 7 = — 1, we choose p = 2 (or any other value) and deduce that, with a = 1/2, 


E 


sup 

.0 <s<t<T 


I N (t)-I N (s) 

\t-s\ a 


1 2 


<c, 


We now consider the case where 7 G (-2,-1). Since 7 < 27 + 2 < 0, we deduce from Lemma 

T 2 ('■y -j- X) 

rrm (ii) that swp N>2 f 0 E[| Ui (s) — U 2 (s)\ ]ds < 00 . Consequently, we may choose p = 2 and 
get, with a = 1 / 2 , 


E 


sup 

.0 <s<t<T 


I N (t)-I N (s ) 
\t-s\ a 


1 2 


< c. 


In any case, we conclude the tightness of the family {(I N (i))te[o,T]} by the Ascoli theorem. □ 


7.5. Propagation of chaos for the perturbed system. With the several estimates obtained 
in the previous section, we are now in position to prove the propagation of chaos for the perturbed 
system. The proof uses some martingale problem, as was initiated by Sznitman [34]. The only 
difficulty in the present case is to control the singularity of b (when 7 S (- 2 ,- 1 ]). 

Proposition 7.11. Assume cm and consider, for each N > 2, the unique solution to m 

Let also (W(t)) te[0 ,T] be the unique solution to the perturbed nonlin¬ 
ear SDE (17.31) . given by Proposition m The sequence ((W^ r (t)) te [o i T] ) • • • j (^A( i ))i£[ 0 ,T]) Is 
(U{t ))te[o,T] -chaotic. 

Proof. We define S as the set of all probability measures g € P{C( [0, T] , R 3 )) such that g is the law 
of (W(f)) t€ [o i T] solution to the perturbed nonlinear SDE (17.31) associated with f 0 and satisfying, 
for g t G P(R 3 ) the law of U(t), 

(7.5) ( fft ) tG [ 0 ,T] e^ao,^,^ 3 )) and (g t ) te[0>T] £ L°°([0,T},V 2 (R 3 )) 

for some p > 221 ( 7 ). The uniqueness result shown in Proposition [7(6] implies that the set S contains 
only one element. 

We recall that Q N = 7W 1 Y^iLi ^(u N (t)) te[0 stands for the empirical distribution of trajectories. 
By Proposition 17.101 this sequence is tight, we thus can consider a (not relabeled) subsequence of 
Q n going in law to some Q. We will show that Q almost surely belongs to S. This will conclude 
the proof, since S contains only one element. The definition of propagation of chaos was recalled 
in Definition o 
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Step 1. Consider the identity map /? : C([0,T],R 3 ) i-a C([0, T], R 3 ). Using the classical theory 
of martingale problems, we realize that g belongs to S as soon as 

(a) gofi - 1 = / 0 ; 

(b) setting g t = g o Pt , (17.51) holds true; 

(c) for all 0 < ti < • • ■ < tk < s < t < T, all pi, ..., ip k £ Cb(M 3 ), all ip £ C 2 (R 3 ), 


F(g) ■= 9{dP)g{dfi)ipi{Pt 1 )...<pk{Pt k ) 


<P(Pt) - ViPs) - / l {/3 „jtp u } b (Pu - Pu) ■ V<p(P u )d 


U 2 


[a{Pu - Pu) ■ V 2 ip(P u )\du 


c \u/r 0 \ ig u )Aip(p u )du 


= 0 . 


Here and below, A : B = ;=i AkiBki for two 3 x 3-matrices A and B. 

Indeed, let (U(t)) t > o be ^-distributed. Then (a) implies that U(0) is /o-distributed and (b) says 
that the requirement JL3 is fulfilled. Finally, point (c) tells us that for all p £ C^(R 2 ), 


v{U{P))-v{U{Qj)-J j 1 {u{s) 1 tp\ s} b(U(s)-P s )-Vp(U{s))g(dP)ds 

-\ [ fwu(s)-Ps)-V 2 p(JA{s))]g(dp)ds-f c\ s/t ^ (g 8 ) Ap{U(s))ds 

J 0 J J 0 

is a martingale. Observe that / %{u(8)jtp e }b(U( s ) ~ Ps)g{dp)ds = f R3 l{u(s)^x}b(^i s ) ~ x)g s {dx) = 
f R3 b(U(s) — x)g s (dx) = b{g s ,li{s)). We used here that g s does not weight points, since it has a 
density by point (b). Similarly, / a{U{s) — p s )g(dp) = a(g s ,li(s)). All this classically implies the 
existence of two independent 3D-Brownian motions (B(t))t>o and (W(£))t>o such that 

b(g s ,U(s))ds+ [ cr(g s ,U(s))dB(s) + 

Jo 

Hence (U(t)) te [o,T] solves (17.31) as desired. 

We thus only have to prove that Q a.s. satisfies points (a), (b) and (c). For each t £ [0, T], we 
set Q t = Qo fc 1 and Q? = Q N o pp 1 = IV -1 

Step 2. We know from (11.111) that the sequence Gq = is /o-chaotic, which implies that 
Qq = Q n o Pq 1 (this is nothing but the law of IV -1 S v n Cq)) goes weakly to /o in law (and 
thus in probability since /o is deterministic), whence Qo = fo a.s. Hence Q satisfies (a). 

Step 3. Point (b) follows from Lemma 17191 Proposition l7.5l and Corollarv lC.61 First, Lemma l7.91 
(i) tells us that sup^ E[sup[ 0 T ] |£/( v (s)| 2 ] < oo, which implies that supjy E[sup[ 0T ] ^(Q^)] < oo 
by exchangeability. Since Q is a weak limit of Q N , we easily conclude that E[sup[ 0;T i m^Qt)] < oo, 
whence (Q t ) tg[0 T] g L°°([0, T\, U 2 (R 3 )) a.s. 

The integrability condition is slightly more complicated. Since goes in law to Q ( for each t £ 
[0,T], we mav apply Corollarv lGJl for each t £ [0, T] and deduce that E[/ 7 (Q t )] < liminf jv Ij{G^). 
By the Fatou Lemma, this yields 

/ E[J 7 (Q s )]ds < f liminf I 7 (G^)dt < liminf I Ij(G^)dt < oo 
Jo Jo N N Jo 


C|VroJ (gs)dW(s) 


U(t) =U(0) + 
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by Proposition 17.81 Next, we know from Proposition 17.51 and condition (11.111) that, for a = 
max{2,q} (with q > q( 7 )), supjy sup[ 0T ] E[|£/f (s)| a ] < 00 . Using exchangeability, this gives 
supjv sup [ 0 T ] E[m 0 ! (Q( v )] < 00 , from which we easily deduce that sup[ 0T ] ^[m a (Qt)] < 00 . Con¬ 
sider now p G (max{3/2,pi(7)}, max {(6 + 3|7|)/(2 + 3 | 7 |),p 2 ( 7 , 9 )}) (observe that (6 + 3 | 7|)/(2 + 
3 | 7 |) > 3/2 because | 7 | < 2). We always have p G (3/2,3) (because ^ 2 ( 7 , 9 ) < 3). Set r = 
(3 p — 3)/(2 p), which belongs to (1/2,1) and a = | 7 |r/(l — r) = | 7 |( 3 p— 3)/(3 — p). Then, applying 
Lemma IChTTl we get 


\\Qt\W < C(I 7 (Q t )ni + m a (Qt)) 1 - r 

whence, by the Holder inequality, 

E[||QtlM < OE[/ 7 (Q t )] r E[l + m. a (Qt)] 1 - r ■ 

But a < a. Indeed, just use that p < [(6 + 3|7|)/(2 + 3|7|)] Vp 2 ( 7 , q)- But p < (6 + 3|7|)/(2 + 3|7|) 
implies that a <2 < a and p < P 2 {'J, q) = (3 q + 3|7|)/(9 + 3|7|) gives us a < q < a. Consequently, 
recalling that sup[ 0 T ] E[TO a (Qt)] < 00 , we get 

E[||Q t ||ip] < CE[/ 7 (Q t )] r < C(1 + E[/ 7 (Q t )]). 

Integrating in time, we deduce that / Q T E[||Q t ||ip]dt < 00 , whence finally, ||Qt||ipdt < 00 a.s. 
We have checked that Q satisfies point (b). 

Step 4- From now on, we consider some fixed T : P(C([0, T], R 3 )) H> R as in point (c). We will 
check that JfQ) = 0 a.s. and this will end the proof. 

Step 4-1- Here we prove that for all N > 2, 

n\HQ N )\]<CAN ~ 1/2 + m)- 


To this end, we recall that ip G C\ (R 3 ) is hxed and we define, for i = 1 ,N, 


1 J/ r t 

Of (t) ■■= (*)) - 7 G E / (s)}KK N (s) - uf{s)) ■ Vp{U?{s))ds 

.7=1 Jo 


N rt 


2N 


E / [a(K N (s)-U»(s)):VMK N (s))\ds-- / [cf s/ToJ (U N (s ))} 2 {s))ds. 


-1 Jo 


j =1 


By definition of T, we have 


HQ N ) 


1 

N 


N 

E MK* (*i)) ■ • ■ ¥*(Z/f ( 4 ))[ 0 f (t) - Of (s)]. 
2=1 
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Applying the Ito formula to compute <p(Uf(t)), we realize that, for i = 1 Of (t) = 

0)) + it) + A f(t), where 

M?(t) = f V^Uf 00) ■ [af(U N (s))dB\s) + cf s/roJ (W^dVl^s)], 

Jo 

Af (t) = I Vtp(U?(s)) ■ [c^ s/Toi (U N (s))W Vi c^ /Toj (U N (s)) 

Jo 


N 


j-f E l{wf(s)^nj v (s)}( & *^w ~ b)(l4^ (s) —Uf (s))] ds 


4=1 


+ / ~ a){K N (s)-U^(s)): V 2 p(Uf(s))]ds. 

J o JV j =1 

We used here that (6*</> r?w )(a;) = R{ x ^o}(b*4> VN )( x ) since (&*</> w )(0) = 0 by symmetry. Performing 
now some classical stochastic calculus, using that 0 < t\ < ■ ■ • < tk < s < t, that ipi,..., 
and cj are uniformly bounded and that the Brownian motions B 1 , ... ,B N and W 1 ,... W v are 
independent, we easily obtain 


E 


1 N 

(jf E ¥> 1 (^ 1 ))''' ^(^(4))[Mf (i) - Mf (s)])' 


<§IE / E i + 


i=l 
AT ,t 


i=l ' 


ds < 


CV 

IV ’ 


where we have used the fact that ||crf r (Zd JV (s))|| 2 < CN 1 J] J=1 (1 + I Mf( s ) — t/j v (s)| 2+T ), ex¬ 
changeability, and the moment estimate of Proposition 17.51 (since 7 + 2 £ (0, 2]). 

Next, we use exchangeability and the boundedness of ip\,..., ipk,V<p. V 2 (p to write 

N 


E 


- ]T MK N (ti ))... MK N (t k ))[Af(t) - Af (S)] <CjrE[i N + j n + k n ], 


where 


I N := 


:= f c» /To fU N (s))V Vl c? s/To] (U N (s)) 
Jo 

J N := f (b*4 m - b)(Uf(s)-Uf(s)) 

Jo 

:= [ (a*0 w - a)(Zdf (s) - W^(s)) 

Jo 


ds, 


K n := 


Since cfV Vl c.i is bounded by C/N by Proposition l7.3K iiib we immediately find that E [I N ] < C/N. 
Next, using Lemma T2. jf (ii), 

W N ] < C VN [ E[| Uf(s)-Uf(s)f]ds < C tVN 
Jo 

by Lemma [7^1 - (ii). Finally, using again Lemma EPM ii), 

E [K N ] < Cif N [ E [|Uf (s) -Uf (s)f}ds < C tVN . 
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Step J^.2. We introduce, for e £ (0,1), a smooth and bounded approximation b e : R 3 — > R 3 
satisfying b E (x) = b(x ) for |x| > e and | 6 e (x)| < | 6 (a;)| = 2|a ;| 1+7 for all x. This smoothing is 
useless if 7 £ [—1,0), but we treat all the cases similarly to avoid repetitions. We also intro¬ 
duce T e defined as T with b replaced by b e . The diffusion coefficient a is continuous and so 
remains unchanged. For each fixed s £ (0,1), for every M > 0, the map g <—> JF e (g) is con¬ 
tinuous and bounded on the set g £ V(C([0, T], R 3 )), /(sup[ 0T ] \/3 s \ 2 )g(d/3) < M. This is not 
hard to check, using that <p %,..., ipk, <p, Vy?, V 2 y? are continuous and bounded, that b e (z) and a(z) 
are continuous and bounded by C e ( 1 + z 2 ), and finally that q is bounded (by 3) and Lipschitz 
continuous for the W 2 topology by Proposition 17.31 (vi). Since Q N goes in law to Q and since 
supjyEf/ (supr 0 T i \/ 3 s \ 2 )Q N {d/3)] = sup w E[sup [ 0 T i ^(s)! 2 ] < 00 by exchangeability and Lemma 
I7.91 (ib we deduce that for any e £ (0,1), 

E[\T e (Q)\] = l\mE[\T e (Q N )\]. 


Step 4-3- We now prove that for all N > 2, all e £ (0,1), 


E 


HQ )~MQ) 


< Cjr£. 


Using that all the functions (including the derivatives) involved in T are bounded and that |6 e (:r) — 
b[x )| < |x| 1+7 1 { | x | <£} , we get 

\Hg) -H{g)\ <c? jjj^t { 0 <Pt _ u<£} %-M 1 + 1 dt g {dMdp) 

(7-6) ~ C ^ £ II [ Wa}I& ~ hVdtgmgm- 

Thus 

1 ^( 2 ") -Fe(Q N )\ < f WV) ~ u f M^dt- 

i^j 

It suffices to take expectations, to use exchangeability and then Lemma 17.91 (fib 


Step 4-4 • We next check that a.s., 


liml F{Q)-F S {Q)\ =0. 

E-S-0 1 1 

Starting from (17.61) . using (11.41) and that (Qt)te[o,T] € L 1 ([0, T], L P (M. 3 )) a.s. for some p > pi(y) 
by Step 3, we get 


HQ)~ H{Q)\ <Cre f f 

Jo Jr 3 


\x-y\ 1 Qt{dx)Q t {dy)<Cjr£ [ (1 + \\Qt\\Lp)dt 1 

Jo 


whence the conclusion. 


Step 4-5 . We finally conclude: for any £ £ (0,1), we write, using Steps 4.1, 4.2 and 4.3, 
E[|J r (Q)| A l] <E[|J- e (Q)|] + E[|J r (Q) —T te {Q)\ A l] 

= I™ E[|^ e (Q JV )|] + E[| J-(Q) - F e {Q)\ A l] 

ly 1-00 

< limsu P E[|^(Q Ar )|] + limsupE[|.F(Q JV ) - H(Q N ) |] + E[|.F(Q) - H(Q)\ A l] 

N —>-+oo N —»-+oo 

<Oe + E[|^(Q)-J- e (fi)| Al]. 
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We now make tend e —> 0 and use that lim e E[|.F(Q) — J r s (Q )| A 1] = 0 thanks to Step 4.4 by 
dominated convergence. Consequently, E[|J r (Q)| A 1] = 0, whence J-(Q) = 0 a.s. as desired. □ 


7.6. Asymptotic annihilation of the perturbation. We now show the asymptotic equivalence 
of the perturbed and unperturbed particle systems. This uses the propagation of chaos for the 
perturbed system. 

Proposition 7.12. Recall that 7 E (—2,0), assume (11.111) and consider, for each N >2, the solu¬ 
tion (V N (t))t >0 to (11.91) and the solution (Vt N (t)) t ^[o,T] to (17.21) . with the same initial conditions 
Wf(0) = V/^O), i = 1,... N and same Brownian motions B l , i = 1,... N. Then 


lim Pr 

N 


(V JV (t)) te[0 ,T] = (U N (t)) W] 


= 1 . 


Proof. By the strong uniqueness for the particle system m, see Proposition 11.51 we see that 
(V JV (t))te[o,T] = (W JV (t))tg[o,T] as soon as c ft/ ro J (U N (t)) = 0 for all t G [0,T]. Recalling the 
Definition of C[, see Notation rm it thus suffices to prove that 


(7.7) 


lim Pr 

N 


V 1=0,..., no, Vte [Itq, (/ + 1)t 0 ], c?(U N (t)) = 0 


= 1 . 


We denote by d : ^(CQO, T], M 3 )) i-a R + the function defined by 


d{g) := inf 


inf 


inf 


v — XI 


9 t(dv), 


i= 0,...,n 0 te[Iro,(Z+l)ro] Ic=l,2,3 J^3 

where h. : R 3 —> [0,1] (a smooth function satisfying In^u < h < 1 {|„|< 2 }), the x l k ’s and So have 
been introduced in Notation l7.ll Remark first that d is continuous (and bounded) with respect to 
the weak topology of measure on V(C(\0, T\, R 3 )). Consequently, we know from Proposition 17.111 
that d(Q N ) goes in law to d(g), where Q N = A" 1 (jTf 5 {u n ( t)) te[0iT] and where g = P((U(t)) te[0}T \), 
where {U(t)) t ^yo,T] is the unique solution to the perturbed nonlinear SDE (17.31) . But we also know, 
from Proposition 17.61 that gt = ft for all t € [0, T], where / is the unique weak solution to the 
Landau equation eh>- We finally recall EH) 

inf inf inf f t (B(x[, <5 0 )) > k 0 , 

l=0,...,n 0 te[Zr 0 ,(I+l)ro] fe=1,2,3 

which implies that d(g) > kq. Consequently, it holds that 


lim Pr 

N— >- + oo 


« 0 


d(Q N ) > ^ 


= 1 , 


whence 


lim Pr 

N— >- + oo 


inf inf inf Q^(B(x l k , 2<5 0 )) > 

U=0,...,n o te[Zr 0 ,(Z+l)r 0 ] fc=l,2,3 


«0 
2 J 


= 1 . 


Using Proposition 17. 31 (41 (which implies that ci(g) = 0 as soon as inffc=i, 2,3 g(B(x l k ,25o)) > kq/2) 
and that c^ (Mt) = Ci(Q^) by definition (see Notation 17.II again), we conclude that indeed, (17.71) 


holds true. 


□ 


7.7. Conclusion. We now have all the weapons in hand to give the 

Proof of Theorem \1.8\ We know from Proposition 17.111 that the perturbed system (W A (t))te[o,Tl 
is (7/(t)) te [ 0! T]" c haotic, where (l^(t))te[o,T\ is the unique solution to the perturbed nonlinear SDE 
(17.31) . But Proposition 17.61 tells us that (U(t)) t e[o t T\ = C^(0)te[o,T ]j where (V(i))te[o,T] is the 
unique solution to the (non perturbed) nonlinear SDE (17.31) . while Proposition 17.121 tells us that 
limjv Pr((V Ar (t))te[o,T] = {^ N (t))te[o,T\) = 1- We immediately conclude that (V Ar (t)) te [o,T] is 
(V(t)) te [o,r]-chaotic. Recalling that T > 0, which has been fixed at the beginning of the section, 
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can be chosen arbitrarily large, we deduce that the sequence (V N (t )) t >o is (V(f))t>o-chaotic. As 
already mentioned, see Definition ll.il this implies Q N := IV -1 Jw 5(v N (t)) t>0 goes i n probability 
to £((V(t))t>o) as N — > oo in P(C([0, oo), R 3 ))). But C(V{t)) = f t for all t> 0. It is not hard to 
conclude, that for := IV -1 "Yhi the sequence (p^)t>o goes in probability to (ft)t >o in 


C([ 0,oc),P(R 3 )). 


□ 


Appendix A. A coupling result 

We reformulate and extend a result found in [19] Proposition 2.4] for the distance W\. Here | • | 
is any fixed norm in R d . 

Proposition A.l. Let p > 0 and d> 1. For N > 2, let Fn and Gn be two symmetric probability 
measures in V p ((M. d ) N ). There exists (Ai ,... , Ajv) with law F N and (Yi,..., Yn) with law G N 
enjoying the following properties. 

(a) The coupling is optimal in the sense that |A,; — Y]| p ] = inf |Ui — p| p ]}, the 

infimum being taken over all random vectors (Ui, ..., Un) and (Pi,..., pv) with laws F N and G N . 

(b) The family {(A*, Yf), i = 1,..., N} is exchangeable. 

(c) Almost surely, W p (N~ l S Xi , A" 1 Ei &Y t ) = A” 1 £f I Xi ~ Y t \ p . 

Proof. We only sketch the proof, since it is very similar to [19] Proposition 2.4]. 

We start with a coupling X = (Ai,..., AW), Y = (p,..., Yn) of F N and G N satisfying only 
point (a). Such an optimal coupling is well-known to exist, see e.g. Villani [391 . 

Next, we consider a (uniform) random o £ ©at, the set of permutations of {1,...,A}, inde¬ 
pendent of X,Y, and we put X, = X a u^ and Y t = Y a yy It is straightforward to check that 
X = (X \,..., Xn), Y = (Yi, ■ ■ ■ ,Yn) is still a coupling between F N and G N (because these 
distributions are symmetric), still satisfies (a), and now satisfies (b). 

We finally introduce, for x = (xi,..., Xn) and y = (jq,..., j/jv) in (R d ) N , 

N N N 

S x , v = {t€& n : W*(N- 1 Y, 8 x<,N- 1 Y l S y *)=N- 1 Y l “ ^ ( ol I> }- 

ii l 

Conditionally on X and Y, we consider a random permutation r uniformly chosen in S-% y and 
we set Xi = X, and Y t = Y T yy It remains to prove that X = (Ai,..., Xn), Y = (Yi ,..., Yn) is 
a coupling between F N and G N satisfying points (a), (b) and (c). Point (c) is satisfied because 
t £ S-£ y a.s. By definition of r, we see that |A, — Yj| p < |Xi — Y]| p a.s., so that (a) is 

satisfied. And of course, X is F^-distributed, since X = X. 

To check point (b), let a £ &n be fixed. For x £ (R^)^, we introduce x a = (x <7 ( 1 ),... ,x CT (jv))- 
We observe that for any x,y £ (M . d ) N , it holds that S XatVa . = o~ 1 S x , y o. Thus conditionally on X 
and Y, cr _1 o r o o is uniformly distributed on Sy y . Hence by exchangeability of (X , Y), the 

triple (X, Y, r) has the same law as the triple (X a , Y a , er _1 otoo). Thus (A, Y T ) = (A a ,Y TOa ). In 
other words, (A, Y) has the same law as (A a ,Y a ). 

We finally check that Y is G^-distributed. Consider a bounded measurable ip : (R 3 )^ i —> R and 
its symmetrization <£(j/i,..., Vn) = (A!) -1 £ CTeSjv p{y a ( i), • ■ •, 2G(n))- Using the exchangeability 
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of (Yi,..., Yjv), we can write E[<p(Yj,..., Yjv)] = E[<p(Yi,..., Yjv)]- But (p being symmetric, we 
a.s. have that (p{Yx ,..., Yjv) = <p(Yi ,..., Yjv), whence E[^?(Yi,..., Yjv)] = E[£>(Yj,..., Yjv)]. Using 
finally the exchangeability of (Yi,..., Yjv), we conclude that E[<£>(Yi, ..., Yjy)] = E[yj(Yj,..., Yjv)]. 
This ends the proof. □ 

Appendix B. Solutions to SDEs associated to weak solutions of PDEs. 

Here we extend a result of Figalli [9] Theorem 2.6]. 

Proposition B.l. Let a : [0, oo) x M 3 i—> M 3 X 3 (R) and /3 : [0,oo) x K 3 i —y K 3 be measurable and 
satisfy ||a(i, x)|| < p(t)( 1 + |x| 2 ) and \/3(t,x)\ < p{t)( 1 + |x|) for some p G Ll oc ([0, oo)). Consider 
(pt)t >o S °°),^(R 3 )), weak solution to 


(B.l) 


3 i 3 

dtPt = ~~ ^ ' 9 Xk (f3(t)pt) + x 'y "j 9 Xk xi{o:ki{t)pt)- 


k =1 


k,l =1 


There exists, on some probability space, a po~distributed random variable Xq, independent of a 
d-dimensional Brownian motion (B t )t> o, and a solution ( X t )t>o t° 


(B.2) 


X t = 


Xo + [ 0(s,X s )ds+ f ( a{s,X s )) 1 / 2 dB s 
Jo Jo 

which furthermore satisfies that C(X t ) = pt for all t > 0. 

We follow the proof of j5], which concerns the case where a and p are bounded. 

Proof. It suffices to prove the result when p = 1. Indeed, consider, in the general case, the time 
change h(t) = f 0 (l + p(s))ds, its inverse function g(t) = h~ x {t), and set fit := p g (t)- Then (pt)t>o 
still belongs to L“ c ([0, oo),^(R 3 )) and solves (IB. II) with a and P replaced by 

a(t, x) = (1 + p{g{t)))~ 1 a{g{t),x) and p(t, x ) = (1 + p(g{t)))^P(g(t), x). 

These functions satisfy ||d(f,x)|| < 1 + |x| 2 and \P{t,x)\ < 1 + |x|. Thus if we have proved the 
result when p = 1, we can find a solution (X t )t>o to X t = X 0 + /g P(s, X s )ds + f*(d(s, X s )) 1 / 2 dB s 
and such that C{X t ) = Pt- It is then not hard to see that X t := X h p) satisfies £(X t ) = p t and 

solves X t = X 0 + f* p(s,X s )ds + f*(a(s,X s )) 1 / 2 dW s , where W t = fg W ( 1 + p(g(s)))~ 1 / 2 dB s is 
still a Brownian motion. 

From now on, we thus assume that ||a(f,x)|| < 1 + |x| 2 and \P(t,x)\ < 1 + |x| and we consider 
(pt)t> o as in the statement. We divide the proof in several steps. 

Step 1. We introduce </> t (x) = (27rf) -d / 2 e - ^ 2 ^ 24 ) and pi := p t * </> e (i+t). For each t > 0, pi is 
a positive smooth function. Then (pl)t >o solves (IB.II) with a and P replaced by 

(B.3) a-(t) and 

Pt Pt 

We now check that there is a constant C (not depending on e £ (0,1)) such that 

\/3 s (t,x)\ < <7(1 + \Zm 2 (pt) + |x|) and ||a e (f,x)|| < C(l + m 2 (/it) + |x| 2 ). 

First, since p(t,x) < 1 + |x|, 

\p e , t ^1 < f R 3 \P{t, y)\(j>e(i+t){x - y)pt{dy) < 1+ f R3 \y\f>e(i+t){x - y)pt{dy) 


f R3 f>e(i+t)(x - y)p t {dy) 


f R3 <t>e(i+t)(x - y)p t {dy) 
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We next introduce R := \J2m 2 (n t ), for which /Lt t (_B(0, R)) > 1/2, and write 

ir(M)| < 1+2H+ R + 

But <p E is radial and decreasing, so that 

\y\4>e{i+t)(x - y)/J, t (dy) < 0 e( 1+t )(M + R)\Jm 2 (p, t ) 


J \y-x\>\x\+R 
and (observe that _B(0,i?) C R(:r, |x| + i?)) 


J l2/-*KI*l+-R 

This gives 


+ t ){x - y)n t (dy) > </> E( i +t) (|x| + R)y. t (B(x, |a;| + i?)) > 


0e(l+t)(M + 


\/3 e (t, x)\ < 1 + 2\x\ + R + 2y / m 2 (nt) < 1 + 2|x| + 4 \/m 2 {nt) 
as desired. The very same arguments show that 

||a e (f,x)|| < 1 + (2|x| + R) 2 + 2 m 2 (/xt) < 1 + 8|x| 2 + 6m 2 (/xt). 
Finally, it is easy to check that for all £ £ (0,1), all T > 0, all 1? > 0, 

sup sup (\Da E (t,x)\ + \D/3 e (t,x)\) < oo. 

t€[0,T] |x|<fl 


Step 2. The coefficient /3 e (t,.) is locally Lipschitz continuous (locally uniformly in time) and 
has at most linear growth, while a e {t 1 .) is locally Lipschitz continuous (locally uniformly in time) 
and has at most quadratic growth. Since furthermore a E (t ,.) is uniformly elliptic (for £ fixed), we 
can apply Lemma [2721 and obtain that ( a E (t , -)) 1 / 2 is also locally Lipschitz. It is thus classical that 
for a given initial condition Xq with law and a given Brownian motion (B t )t> o, there exists a 
pathwise unique solution to 

(B.4) X E = X E 0 + f p E (s,X E s )ds+ [\a E (s,X E s )) 1/2 dB s , 

J o Jo 

which furthermore satisfies C(X^) = \f t , by uniqueness of the weak solution to the PDE (IB. II) with 
a and fi replaced by a E and fd E . 


Step 3. Here we check that the family {(X t e ) t > 0 , £ > 0} is tight. Since /x 0 has only a mo¬ 
ment of order two, we cannot directly apply the Kolmogorov criterion and have to use another 
approximation procedure. For R > 0, we consider (Xf i ’ E ) t >o the pathwise unique solution to 
X?’ E = + ft p E (s,X^)ds + ft(a E (s,X?’ E )) 1/2 dB s . 

Recall that sup s6 [ 0T ] )E g(o, 1 )(|/3 e (s, x)\ 2 + ||a £ (s,x)||) < Ct( 1 + |a-’| 2 ) by Step 1. It is thus 
completely standard to check, using the Kolmogorov criterion, that for each R > 0, the family 
{(x t R n t> o, £ > 0} is tight: for all A > 0, we can find a compact subset K.(R, A) of (7([0, oo), M 3 ) 
such that sup e6 ( 0il ) Pr((X R,E ) t >o </ K.(R,A)) < l/A. 

But by pathwise uniqueness, we have that (X/) t > 0 = ( X R,E ) t >o on the event {|Xq| < R}. And 
it holds that Pr(|Ag| > R) < iti 2 (pq)/R 2 < (1 + m 2 {po))/R 2 ■ Consequently, 
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Choosing /C B = K.(y/2B(1 + m 2 (^o))i 2£?), we conclude that sup e£ ( 0)1 ) Pr((X t E ) t > 0 ^ /C B ) < 1 /B, 
which ends the step. 

Step 4- We thus can find a sequence e n \ 0 such that (X t £n ) t >o goes in law (for the uniform 
topology on compact time intervals) to some (X t )t>o- For all t > 0, we have C(X t ) = p t because 
£(X t £ ") = -A- pt- It thus only remains to prove that (W)t>o solves (IB.2I) . By the theory of 

martingale problems, it suffices to prove that for any 0 < s± < ... < Sk < s < t, any ipi,... ,<pk G 
Cb(R 3 ), any ip G (R 3 ), we have E[J r (X)] = 0, where T : C([0, oo), M 3 )) i-a R is defined by 


X{l) = <£ 1 ( 7 * 1 ) • ■ d XkXl <p{'y u ) a ki{u,'y u ) duj. 


k,l =1 


We also introduce some continuous functions a : [0, oo) xR 3 g M 3x 3 (R) and f3 : [0, oo) xR 3 gR 3 
(that will be chosen later very close to a and /3). We define d E and j3 £ defined exactly as in (IB. 31) . 
but with a and (3. We finally define T (resp. T e . resp. T z ) as T but with a and /? (resp. a e and 
f3 £ , resp. d e and (3 s ) instead of a and /3. 

We of course start from the identity E[JF en {X £ri )] = 0, and write 

\E[T(X)}\ <\E[X(X)} - E[T(X)}\ + \E[X(X)} - E[f(X £ -)}\ 

+ |E[X(X £ »)] -E[X £ „(X £ ")]| + |E[J- e „(X E ")] -E[X £ „(X £ ")]|. 


First, since a and (3 are continuous, it is not hard to deduce that T : C([0, oo), R 3 )) i-A R is 
continuous (for the topology of uniform convergence on compact time intervals) and bounded 
(recall that ip is compactly supported). Consequently, lim„ |E[X(X)] — E[X(X En )]| = 0. Next, 
there is a constant C such that 


|E[X(X)]-E[JF(X)]| <C / E[\\a(u,X u )-a(u,X u )\\ + \P(u,X u )-P(u,X u )\]du 


-C / [||a(u, x) — a(u, ar)11 + \(3(u, x) — j3{u, ar)|] fi u (d,x)du. 

Jo Jr 3 


Similarly, 

\E[X en (X^))-E[X Sn (X £ 


<C 


<c 


to Jr 3 

rt 


\a £n {u,x) — d En (u,a;)|| + \f3 £n (u,x) — /3 £n (u, x)|)/r E ” (dx)du 


/ 0 JR 3 

pt 


( J 


]q(u) - d(u)\\n u + \/3(u) - f3{u)\ii u ) ★^ £n (i +M )](a;) 

tAr (x) 




Pu n (dx)du. 


<C / / (\\a(u,x) - d(u,x)\\ + \/3(u,x) - (3(u,x)\)(j) Sn (i +u )(y - x)p u (dx)dydu + Cts ri 

Jo Jr 3 Jr 3 


Using that </> £n (i +u ) has mass 1, we conclude that 


limsup |E[X £n (X e ")] — E[X £n (X En )]| <C f f [\\a(u,x) - a(u,x)\\ + \/3(u,x) - j3(u,x)\\p u (dx)du. 
n Jo Jr 3 
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Finally, 


|E[J-(X e ")]-E[J- £n (X £ 


<C 


<c 


/ 0 J R 3 

rt 


| a(u,x) — a £n (u,x)\\ + \/3(u,x) — ^ £n {u,x)\)n £ J u (dx)du 
I a{u,x) - a(u,y )|| + \j3{u,x) - p{u,y)\)<f> £ n{i+u)(y - x)dy/jL u (dx)du + Ce„t. 


/o Jr 3 

Since a and j3 are continuous, this clearly tends to 0 as n —» oo. All in all, we have checked that 


|E[.F(A:)]| < C / / [| |a(u, x) — a{u, x) 

JO J R 3 


(it, x ) — 0(u, x)|] fi u (dx)du. 


But this holds true for any choice of continuous a and /?. And since fi s (dx)ds is a radon measure, 
we can find a and f3 continuous and arbitrarily close to a and /3 in ZdQO, T] x M. 3 , /i s (dx)ds). We 
conclude that |E[J 7 (A')]| = 0 as desired. □ 


Appendix C. Entropy and Fisher information 


In this section, we present a series of results involving the Boltzmann entropy H and some 
fractional (or weighted) Fisher information V and J 7 . They provide key estimates in order to 
exploit the regularity of the objects we deal with. 


C.l. Notation. For F £ ^((IR 3 )^) with a density (and a finite moment of positive order for 
the entropy), the Boltzmann entropy H , the weighted Fisher information J 7 (for 7 < 0) and the 
fractional Fisher information V (for r £ (1/2,1)) of F are defined as 


H(F) := - 


F(v N ) log F(v n ) dv N , 

1 r 1 \7 EVi,JVu2 

nL 


' (R 3 ) i ' 


I r (F"):=- 


F(v N ) N J mr 

\^F(v N )\jr dv N _ 1 f 
)» F(v N ) 2 r~i N J m , 


|V 7 log F(v N )Y F(dv N ) 


IV log F(v N )\Z F(dv N ) 


with the notation v N = ( 17 ,..., Vn), where the differential operator V 7 is the weighted gradient 
V 7 F(v n ) := «i;i)'>'/ 2 V„ 1 P , (t; JV ),..., (v n y/ 2 V Vn F(v N )), 
where (v) = (1 + li/l 2 ) 1 / 2 and where the norm | • | 2 r is the £ 2r norm on (R 3 )^ defined by 


N 

\v N \Z ==£ M 2r - 

i=1 

If F £ V({R 3 ) N ) has no density, we simply put H(F) = +oo. If F £ V((R 3 ) N ) has no density or 
if its density has no gradient, we put I-y{F) = I r (F) = +oo. The somewhat unusual normalization 
by 1/N is made in order that for any f £ T^K 3 ), 

H(f® N ) = H(f), J 7 (/® JV ) = / 7 (/) and J r (/® jv ) = I r {f) 

Recall finally that the moment of order q is defined, for any F £ ’Psym^K 3 )^), by 

m q (F) := [ M “F(dv N ). 

J(R 3 ) N 
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C.2. First properties and estimates. We make use of the two following properties. 


Lemma C.l. (i) For any q, A £ (0,oo), there is a constant C q ,\ £ R such that for any N > 1, 
any F £ V q ((R 3 ) N ) 

H(F) > —C q> \ — \m q (F). 

(ii) Consider the constant C = 1 + |C 2 ,i| (with C 2.1 introduced in (i)). For any f £ ^(R 3 )* any 
measurable A C R 3 with Lebesgue measure |H| < 1, 


m< 


C + H(f)+m 2 (f) 
— log |y4| 


In particular, |A| < exp(—4(C + H{f) + m 2 (f))) implies that f(A) <1/4 


Proof. The first estimate is classical. See the comments before jT9[ Lemma 3.1] for a proof. To 
prove the second one, we decompose / as 

/ = f{A)fi + (1 - f(A))f 2 where /1 = y^y/ and h = 

The entropy of / may be rewritten as 

H(f) = f(A) log f(A) + (1 - f(A)) log(l - f(A)) + f{A)H(h) + (1 - f(A)) H(f 2 ). 

Since m 2 {f 2 ) < (1 — f{A))~ 1 m 2 (f), the application of (i) (with q = 2 and A = 1) to f 2 leads us to 
H(f 2 ) > —C 2 ,i — (1 — f(A))~ 1 m 2 (f). Since a;loga" > —1/2 for x £ [0,1], we find 

H{f) > -1 - (1 - f(A))C 2A - m 2 (f) + f(A)H(fi) >-C - m 2 (f) + f(A)H(f 1 ). 

But Supp fi C A classically implies, by the Jensen inequality, that iJ(/i) > — log |A|. Hence 

H{f) > —C — m 2 (f) — f(A) log |H|. 

The conclusion follows. □ 


We now state two useful properties of the fractional and weighted Fisher informations. 
Lemma C.2. Let 7 < 0 and r £ (1/2,1). 

(i) The weighted and fractional Fisher informations are super-additive: for all N > 1, all 
F £ V sy m{{ R 3 )' iv ), all k = 1,... ,N, denoting by Fk £ 7 ? S y m ((R 3 ) fc ) the k-marginal of F, 

r{F k )<I r (F ) and J 7 (F fc ) < J 7 (F). 

(ii) The fractional Fisher information can be controlled by weighted Fisher information: for all 
N > 1, all F £ *Psym (R 3 ), 

I r (F) < C q (I 1 (F)) r (1 + m q {F)f- r with q := -!^!l 

1 — r 

Proof. Since F is symmetric, we can write 

I r (F) = [ iV^log F(v N )\ 2r F(dv N ) and J 7 (F) = [ <« 1 ) 7 |V„ 1 log F(v N )\ 2 F(dv N ). 

J(R 3 ) N J( R 3 ) w 

The super-additivity of the fractional Fisher information is a consequence of the convexity of the 
fonction T r : R+ x R 3 1 —> R + defined by 







ON THE LANDAU EQUATION 


55 


Computing its Hessian matrix, we find 

2 r( 2 r — l)\b\ 2r ~ 2 (\b\ 2 


V 2 ^ r (a,b) =- 


7 2r+l 


> 


2 r( 2 r — 1 ) |fo | 2 

„2r+l 


-ab* 

-cib 2 F=u (^3 + ( 2 r - 2 ) ^ 

\b\ 2 —ab* \ 

-ab a%) 


which is always non-negative if 2r — 1 > 0. Then, we have, for 1 < k < N, setting v k = (vi,... Vk) 
and v^_ k = (vk+i ,... Vn), by the Jensen inequality, 


F k {v%) 2 ^ 


VMvjJT _ lTf (F k ( v N) t v vi F k {vi?j) 

( [ F(v?,vZ_ k )dvZ_ k , [ V Vl F(v»,v%_ k )dv%_ k ) 
K J( R 3 ) N ~ k J(R 3 ) n ' 


= 

= 47 


< 




'(R 3 ) f 


■ (Ffrk, v N-k), V Vl F(v£, dv%_ k 


\^v 1 F(v k , v^_ k )\ 2r N 

' av N-k- 


J(R 3 ) N ~ k F{v£ ,V%_ k ) 2r 1 

Integrating this inequality on v k we obtain I r (Fk) < I r (F). Choosing next r = 1, multiplying the 
inequality by (iq ) 7 and integrating on vjf we obtain I~/(F k ) < / 7 (F). 


For the second point, we use the Holder inequality: 

F(F) = I (|V U1 logF(Or^ r (OM 7r ) (F 1 - r (v N )(v 1 )~^)dv N 

J fR3)JV V / \ / 

( Vl )-^Fi-r) F {dv N )\ 

J / 


' (R 3 ) 1 ' 

< [i-r(F)]' 


1 —r 


(R 3 F 


Recalling that q = | 7 |r/(l — r), the conclusion follows. 


□ 


We next establish some kind of Gagliardo-Nirenberg-Sobolev inequality in R 3 involving frac¬ 
tional and weighted Fisher informations. 

Lemma C.3. Let 7 < 0. For any r £ (1/2,1), for p := 3/(3 — 2r) and q := | 7 |r/(l — r), for any 
f G V(R 3 ), 

ll/llT* < c r I r (f) < c r „ (/ 7 (/)) r (1 + m q {f)Y- r 

Proof. Using the Holder inequality, we can write, for any p' £ (0, 2r) 



whence 

iiv/n iP , < (/ r (/)) i/2 ni/ii^ 1 /-Xv(w ) - 

Together with the Gagliardo-Nirenberg-Sobolev inequality, it comes, with 1/p = 1/p' — 1/3 (which 
is well-defined since p' < 2 ) 

MU* < c P '\\vf\\ LP ' < c P '(/ r (/)) 1/2 1l/|li7 2 1 /_XvM- 
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This inequality becomes really interesting when p = (2 r — 1 )p'/ (2 r — p'), which leads to the choice 
p' = 3/[2(2 — r)]. It that case p = 3/(3 — 2r) and we find 

ll/IU, < c r r{f). 

Using finally Lemma 1C.21 fiil completes the proof. □ 


We deduce that pairs of particles of which the law has a finite weighted Fisher information are 
not too close. 


Lemma C.4. Let 7 < 0. Consider F £ V(S. 3 x R 3 ) and (Xi, X 2 ) 0 , F-distributed random variable. 
For any k £ (0,2) and any q > |y| max{l, k/(2 — k)}, there exists C Kyq such that, with r := 

9/(9 -7) e (1/2,1), 

F{dx 1 , dx 2 ) 


E(\X 1 -X 2 \~ k ) = [ 

J R 3 


\xi - x 2 \ 


<C K , q [(I 1 (F)ni + m q (F)) 1 - r + 1}. 


Proof. We introduce the unitary linear transformation $ : 

1 


i-A 


defined by 


${xi,x 2 ) = -f=(xi- x 2 ,xx + x 2 ) =: (yi,y 2 ). 


Let F := F o T ” 1 and / the first marginal of F (/ is the law of 2~ 1 ^ 2 (Xi — X 2 )). A simple 
substitution shows that I r (F) < C r I r (F) for some constant C r . Next, we cannot apply Lemma 
IC.2K T) because F is not symmetric, but we obviously have I r (f ) < 2 I r (F). We now write 


/R 3 xR 3 


F{x i,x 2 ) 
\%1 - Z2| K 


d Xl dx 2 = 2 K / 2 [ d Vl dy 2 = 2 K ^ 2 f M. dy< C K , P ( 1 + \\f\\ LP ) 

J r 3 xr 3 m\ J r 3 \y\ 

by (HU), with p := 3 (q — 7 )/(q — 37 ) > 3/(3 — k) (thanks to our condition on q). We then use 
Lemma IC31 (we have p = 3/(3 — 27')) to get 

f F(x i,x 2 ) 


■ d Xl dx 2 < c K , q (i + r(f)) < c K , q ( 1 + r(F)). 

1r 3 x r 3 l®i x 2 \ r * 

Lemma [Q2l -fiil (observe that q = | 7 |r/(l — r)) allows us to conclude. 


□ 


C.3. Many-particle weighted Fisher information. We finally need a result showing that if 
the particle distribution of the Wparticle system has a uniformly bounded weighted Fisher in¬ 
formation, then any limit point of the associated empirical measure has finite expected weighted 
Fisher information. Such a result is a consequence of some representation identities for level-3 
functionals as first observed by Robinson-Ruelle in [301 for the entropy in a somewhat different 
setting. Recently in m, this kind of representation identity has been extended to the Fisher infor¬ 
mation. The proof is mainly based on the De Finetti-Hewitt-Savage representation theorem [21H 
(see also [19]). Unfortunately, we cannot apply directly the results of fl9] . 

Theorem C.5. Let 7 < 0. Consider, for each N > 2, a probability measure F N £ P S!/m ((R 3 ) Ar ). 
For j > 1, denote by FF £ T’((R 3 )1) the j-th marginal of F N . Assume that there exists a 
compatible sequence ( 7 ^) of symmetric probability measures on (R 3 )- 7 so that FF —> 717 in the weak 
sense of measures in 'P((R 3 )- 7 ). Denoting by ir £ VifPfS . 3 )) the probability measure associated to 
the sequence (wj) thanks to the De Finetti-Hewitt-Savage theorem, there holds 

f I 1 (f)iv(df) = sup Iry ( 77 ^ ) < liminf I 7 (F N ). 

JV( R 3 ) j> 1 N—too 
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The De Finetti-Hewitt-Savage theorem asserts that for a sequence (kj) of symmetric probability 
on E° (for some measurable space E), compatible in the sense that the fc-marginal of 717 is 717 for all 
1 < k < j, there exists a unique probability measure 7 r G V(V(E)) such that 717 = f^n(df) 
for all j > 1. See for instance in Theorem 5.1]. 

Corollary C. 6 . Let 7 < 0. Consider, for each N > 2, a probability measure F N G P sym ((K 3 ) JV ), 
and (Xi ,..., X$) with law F N . Assume that /zjv := iV _1 5 x n goes in law to some (possibly 
random) pi G X^R 3 ). Then 

E[J 7 (/ u)} < lim inf I~,(F N ). 

N—foo 

Proof. Denote by 7 r G V(V(M. 3 )) the law of pi and, for j > 1, by 717 = f^n(df). The corollary 

immediately follows from Theorem 1C.51 once we have checked that for all j > 1, goes weakly 
to 7 Tj. But this is an easy and classical consequence of the fact that pi x goes in law to pi, see e.g. 
Sznitman [3U I-Proposition 2.2 and Remark 2.3] or |T5] Lemma 2.8]. □ 


Theorem 1C. 5 1 is a consequence of m Lemma 5.6] and of the following series of properties. 


Lemma C.7. Let 7 < 0. The weighted Fisher information satisfies the following properties. 


(i) For any j > 1 , / 7 : P^R 3 )- 7 ) A MU {+00} is non-negative, convex, proper and lower 
semi-continuous for the weak convergence. 


(li) For all j > 1, all f G P(R 3 ), / 7 (/®') = J 7 (/). 

(Hi) For all F G P sym ((R 3 ) :; ), all £,n > 1 with j = £ + n , there holds j I 1 {F) > £L 1 {F() + 
nI 1 {F n ), where X] G P((R 3 )^) stands for the t-marginal of F. 

(iv) The functional X 7 : VfPCR 3 )) —> M U { 00 } defined by 

I 7 ( 7 t) := sup/ 7 ( 7 Tj) where 717 := [ f^^(df) G P((R 3 ) J ) 

i>i R 3 ) 

is affine in the following sense. For any n G V(V(Mr)) and any partition of P(R 3 ) by some sets 
u>i, 1 < i < M, such that 07 is an open set in R 3 \(oq U ... U 07-1) for any 1 < i < M — 1 and 
77(07) > 0 for any 1 < i < M , defining 


so that 

there holds 


a.i := 77(07) and 7* := — l bJi tt G P^R 3 )) 

OLi 


7r = ai 7 1 + ... + cum 7 M and a\ + ... + oim = 1, 


X 7 (tt) = aiX 7 ( 7 1 ) + ... + a M X 7 ( 7 M ). 


Proof of Lemma \C.7[ We only sketch the proof, which is roughly an adaptation to the weighted 
case of the proof of [19] Lemma 5.10]. 

Step 1. We first prove point (i). Let us present an alternative expression of the weighted Fisher 
information: for F G P((R 3 ) J ), it holds that 


/ 7 (G) := 


1 


sup 


J ipeCK(R 3 )i) 3j 


{-L 


divy if; F(dV) 


j 

E 

2=1 * 


IV’i 


[ 

‘-(vi)-^F(dV j )}. 
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Again, the RHS term is well defined in R because the function |0| 2 /4 — div^ 0 is continuous and 
bounded for any 0 G C£((R 3 ) j ') 3j '. We immediately deduce that J 7 is convex, lower semi-continuous 
and proper so that point (i) holds. 


Step 2. Point (ii) is obvious from the Definition of I 1 . 

Step 3. We now prove (iii), reproducing the proof of the same super-additivity property 
established for the usual Fisher information in [19j Lemma 3.7]. We define for any i < j 

H := * Ij(Fi) = sup { [ (Vy Fi ■ 0 - Fi'V] 

V-eCl((R3 )4) 3i t J {K3 y V “ 4 



where the sup is taken on all 0 = (0i ,..., ipi), with all ipt : (R 3 )* —> R 3 . We then write the 
previous equality for tj and restrict the supremum over all 0 such that for some i < j: 

• the i first ipi depend only on (iq ,Vi), with the notation 0* = (0i,..., 0j), 

• the j — i last ipe depend only on (vi+ 1 ,..., Vj), with the notation ipi-’ = (0i+i,..., ipj). 

We then have the inequality 


Lj > sup 


ViF ■ 


r + Vj-iF ■ - F l (J2 \^\ 2 (ve)-' 1 + Y. \M 2 (vc) 


J( R 3 )i L 


sup 


-7 


Fi 


ViFi-r- -±Y\^\ 2 < v t) 


t<i 

-7 


l>i 


t<i 


sup / 

R3p-i)3(i-i) J(R3p- 


Vj-iGj-i ■ - 


F- 

c 3~ * 


Y \'M 2 ( v e)- 


l>i 


— i ij—i • 


Step 3. We do not prove here the affine caracter of I 7 and refer to na Lemma 5.10] where 
the same property for the usual Fisher information is checked: the presence of the bounded weight 
does not raise any difficulty. □ 
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